
aefJt^pv=pçÑíï~êÉ

cbcilt
cáåáíÉ=bäÉãÉåí=pìÄëìêÑ~ÅÉ=cäçï
C=qê~åëéçêí=páãìä~íáçå=póëíÉã

tÜáíÉ=m~éÉêë
sçäK=s

aefJt^pv=dãÄe

o



`çéóêáÖÜí=åçíáÅÉW
kç=é~êí=çÑ=íÜáë=ã~åì~ä=ã~ó=ÄÉ=éÜçíçÅçéáÉÇI=êÉéêçÇìÅÉÇI=çê=íê~åëä~íÉÇ=ïáíÜçìí=ïêáííÉå=éÉêãáëëáçå=çÑ=íÜÉ=
ÇÉîÉäçéÉê=~åÇ=ÇáëíêáÄìíçê=aefJt^pv=dãÄeK
`çéóêáÖÜí=EÅF=OMNM=aefJt^pv=dãÄe=_Éêäáå=J=~ää=êáÖÜíë=êÉëÉêîÉÇK=
aefJt^pv=~åÇ=cbcilt=~êÉ=êÉÖáëíÉêÉÇ=íê~ÇÉã~êâë=çÑ=aefJt^pv=dãÄeK

aefJt^pv=dãÄeI===
t~äíÉêëÇçêÑÉê=píê~≈É=NMRI==aJNOROS=_ÉêäáåI=dÉêã~åó
mÜçåÉW=HQVJPMJST==VV=VUJMI=c~ñW=HQVJPMJST=VV=VUJVV
bJj~áäW=ã~áä]ÇÜáJï~ëóKÇÉ
áá=ö=tÜáíÉ=m~éÉêë=J=sçäK=s



`çåíÉåíë
`çåíÉåíë
NK=cáåáíÉ=ÉäÉãÉåí=Ñçêãìä~íáçå=Ñçê=ÄçêÉÜçäÉ=ÜÉ~í=ÉñÅÜ~åÖÉêë=áå=ãçÇÉäáåÖ=ÖÉçíÜÉêJ
ã~ä=ÜÉ~íáåÖ=ëóëíÉãë=Äó=cbcilt=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K R

NKN= fåíêçÇìÅíáçå=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KR Öêçìí=íê~åëáíáçå=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= ON

NKO= qóéÉë=çÑ=_ebK=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KS
NKOKN= açìÄäÉ=rJëÜ~éÉ=éáéÉ=EOrF =K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KS
NKOKO= páåÖäÉ=rJëÜ~éÉ=éáéÉ=ENrF =K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KU
NKOKP= `ç~ñá~ä=éáéÉ=ïáíÜ=~ååìä~ê=E`u^F=~åÇ=ÅÉåíêÉÇ=E`u`F=

áåäÉí =K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KU
NKP= pçáä=bèì~íáçåë K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KV
NKPKN= _~ëáÅ=Éèì~íáçåë K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KV
NKPKO= qÜÉêã~ä=ÄçìåÇ~êó=ÅçåÇáíáçåë K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KNM
NKPKOKN= aáêáÅÜäÉíJíóéÉ=_`K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KNN
NKPKOKO= kÉìã~ååJíóéÉ=_` =K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KNN
NKPKOKP= `~ìÅÜóJíóéÉ=_` =K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KNN
NKQ= _eb=bèì~íáçåëK=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KNN
NKQKN= Or=ÉñÅÜ~åÖÉê K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KNN
NKQKO= Nr=ÉñÅÜ~åÖÉê K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KNP
NKQKP= `u^=ÉñÅÜ~åÖÉê K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KNP
NKQKQ= `u`=ÉñÅÜ~åÖÉêK=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KNQ
NKR= qÜÉêã~ä=oÉëáëí~åÅÉë =K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KNR
NKRKN= Or=ÉñÅÜ~åÖÉê K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KNR
NKRKNKN= qÜÉêã~ä=êÉëáëí~åÅÉ=ÇìÉ=íç=íÜÉ=~ÇîÉÅíáîÉ=Ñäçï=çÑ=êÉÑêáÖJ

Éê~åí=áå=íÜÉ=éáéÉë =K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KNR
NKRKNKO= qÜÉêã~ä=êÉëáëí~åÅÉë=ÇìÉ=íç=íÜÉ=éáéÉë=ï~ää=ã~íÉêá~ä=~åÇ=

Öêçìí=íê~åëáíáçå K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KNS
NKRKNKP= qÜÉêã~ä=êÉëáëí~åÅÉ=ÇìÉ=íç=áåíÉêJÖêçìí=ÉñÅÜ~åÖÉ=K=KNT
NKRKNKQ= qÜÉêã~ä=êÉëáëí~åÅÉ=ÇìÉ=íç=ÖêçìíJëçáä=ÉñÅÜ~åÖÉ=K=K=KNT
NKRKO= Nr=ÉñÅÜ~åÖÉê K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KNT
NKRKOKN= qÜÉêã~ä=êÉëáëí~åÅÉ=ÇìÉ=íç=íÜÉ=~ÇîÉÅíáîÉ=Ñäçï=çÑ=êÉÑêáÖJ

Éê~åí=áå=íÜÉ=éáéÉë =K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KNU
NKRKOKO= qÜÉêã~ä=êÉëáëí~åÅÉ=ÇìÉ=íç=íÜÉ=éáéÉë=ï~ää=ã~íÉêá~ä=~åÇ=

Öêçìí=íê~åëáíáçå K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KNU
NKRKOKP= qÜÉêã~ä=êÉëáëí~åÅÉ=ÇìÉ=íç=áåíÉêJÖêçìí=ÉñÅÜ~åÖÉ=K=KNV
NKRKOKQ= qÜÉêã~ä=êÉëáëí~åÅÉ=ÇìÉ=íç=ÖêçìíJëçáä=ÉñÅÜ~åÖÉ=K=K=KNV
NKRKP= `u^=ÉñÅÜ~åÖÉê K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KNV
NKRKPKN= qÜÉêã~ä=êÉëáëí~åÅÉ=ÇìÉ=íç=íÜÉ=~ÇîÉÅíáîÉ=Ñäçï=çÑ=êÉÑêáÖJ

Éê~åí=áå=íÜÉ=éáéÉë =K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KNV
NKRKPKO= qÜÉêã~ä=êÉëáëí~åÅÉ=ÇìÉ=íç=íÜÉ=éáéÉë=ï~ää=ã~íÉêá~ä=~åÇ=
NKRKPKP= qÜÉêã~ä=êÉëáëí~åÅÉ=ÇìÉ=íç=ÖêçìíJëçáä=ÉñÅÜ~åÖÉ =K=K= ON
NKRKQ= `u`=ÉñÅÜ~åÖÉê K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= ON
NKRKQKN= qÜÉêã~ä=êÉëáëí~åÅÉ=ÇìÉ=íç=íÜÉ=~ÇîÉÅíáîÉ=Ñäçï=çÑ=êÉÑêáÖJ

Éê~åí=áå=íÜÉ=éáéÉëK=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= ON
NKRKQKO= qÜÉêã~ä=êÉëáëí~åÅÉ=ÇìÉ=íç=íÜÉ=éáéÉë=ï~ää=ã~íÉêá~ä=~åÇ=

Öêçìí=íê~åëáíáçå=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= OP
NKRKQKP= qÜÉêã~ä=êÉëáëí~åÅÉ=ÇìÉ=íç=ÖêçìíJëçáä=ÉñÅÜ~åÖÉ =K=K= OP
NKRKR= kçíÉë=íç=åÉÖ~íáîÉ=íÜÉêã~ä=êÉëáëí~åÅÉë=çÑ=Öêçìí=Ñçê=Or=

~åÇ=Nr=ÉñÅÜ~åÖÉêë=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= OP
NKS= eÉ~í=qê~åëÑÉê=`çÉÑÑáÅáÉåíë =K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= OQ
NKSKN= Or=ÉñÅÜ~åÖÉê =K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= OQ
NKSKO= Nr=ÉñÅÜ~åÖÉê =K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= OQ
NKSKP= `u^=ÉñÅÜ~åÖÉê=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= OR
NKSKQ= `u`=ÉñÅÜ~åÖÉê K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= OR
NKT= rëÉêJëéÉÅáÑáÉÇ=qÜÉêã~ä=oÉëáëí~åÅÉëK=K=K=K=K=K=K=K=K=K=K=K= OR
NKTKN= kìãÉêáÅ~ä=_eb=ëçäìíáçå K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= OS
NKTKNKN= Or=ÉñÅÜ~åÖÉê =K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= OS
NKTKNKO= Nr=ÉñÅÜ~åÖÉê =K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= OS
NKTKNKP= `u^=ÉñÅÜ~åÖÉê=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= OS
NKTKNKQ= `u`=ÉñÅÜ~åÖÉê K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= OS
NKTKO= ^å~äóíáÅ~ä=_eb=ëçäìíáçå =K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= OT
NKTKOKN= Or=ÉñÅÜ~åÖÉê =K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= OT
NKTKOKO= Nr=ÉñÅÜ~åÖÉê =K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= OT
NKTKOKP= `u^=ÉñÅÜ~åÖÉê=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= OT
NKTKOKQ= `u`=ÉñÅÜ~åÖÉê K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= OT
NKU= cáåáíÉ=bäÉãÉåí=aáëÅêÉíáò~íáçå=çÑ=íÜÉ=içÅ~ä=mêçÄäÉã OU
NKUKN= tÉ~â=ëí~íÉãÉåíë K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= OU
NKUKNKN= Or=ÉñÅÜ~åÖÉê =K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= OU
NKUKNKO= Nr=ÉñÅÜ~åÖÉê =K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= OV
NKUKNKP= `u^=ÉñÅÜ~åÖÉê=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= PM
NKUKNKQ= `u`=ÉñÅÜ~åÖÉê K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= PM
NKUKO= pé~íá~ä=ÇáëÅêÉíáò~íáçå =K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= PN
NKUKP= píêÉ~ãäáåÉ=ìéïáåÇ=ëÅÜÉãÉ=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= PP
NKUKQ= qÉãéçê~ä=ÇáëÅêÉíáò~íáçå=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= PQ
NKUKQKN= θJãÉíÜçÇ =K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= PQ
cbcilt=ö=ááá



áî=ö=tÜáíÉ=m~éÉêë=J=sçäK=s

`çåíÉåíë
NKUKQKO= mêÉÇáÅíçêJÅçêêÉÅíçê=ãÉíÜçÇK=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KPS
NKV= ^å~äóíáÅ~ä=pçäìíáçå=çÑ=íÜÉ=içÅ~ä=mêçÄäÉã=K=K=K=K=K=K=K=KPT
NKVKN= içÅ~ä=ëíÉ~ÇóJëí~íÉ=ÅçåÇáíáçå=ïáíÜ=ÖáîÉå=íÉãéÉê~íìêÉ=

~í=ÄçêÉÜçäÉ=ï~ää =K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KPT
NKVKO= bëâáäëçå=~åÇ=`ä~ÉëëçåÛë=~å~äóíáÅ~ä=_eb=ëçäìíáçå=K=K=KPT
NKVKP= pçäìíáçå=Ñçê=Nr=~åÇ=Or=ÅçåÑáÖìê~íáçåë =K=K=K=K=K=K=K=K=KPU
NKVKQ= pçäìíáçå=Ñçê=`u^=ÅçåÑáÖìê~íáçå=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KQN
NKVKR= pçäìíáçå=Ñçê=`u`=ÅçåÑáÖìê~íáçå K=K=K=K=K=K=K=K=K=K=K=K=K=K=KQO
NKNM= fãéäÉãÉåí~íáçå =K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KQP
NKNMKN= kìãÉêáÅ~ä=_eb=ëçäìíáçåK=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KQP
NKNMKO= ^å~äóíáÅ~ä=_eb=ëçäìíáçå=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KQU
NKNN= fãéçêí~åí=kçíÉ=çå=jÉëÜáåÖ=_eb=kçÇÉë K=K=K=K=K=K=K=KQV
NKNNKN= aáêÉÅí=Éëíáã~íáçå=çÑ=åçÇ~ä=Çáëí~åÅÉ=Δ=EãÉíÜçÇ=NF KQV
NKNNKO= fíÉê~íáîÉ=ÇÉíÉêãáå~íáçå=çÑ=åçÇ~ä=Çáëí~åÅÉ=Δ=EãÉíÜçÇ=

OF=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KRM
NKNO= oÉä~íÉÇ=cbcilt=aá~äçÖë K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KRN
NKNOKN= _eb=ïÉää=ëéÉÅáÑáÅ~íáçå=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KRN
NKNOKNKN= _eb=ÛïÉääÛ=çéíáçåK=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KRN
NKNOKNKO= _eb=ëÉííáåÖ K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KRO
NKNOKNKP= _eb=áåäÉí=íÉãéÉê~íìêÉ K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KRQ
NKNOKO= _eb=Åçãéìí~íáçå~ä=êÉëìäíëK=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KRQ
NKNP= jçÇÉä=s~äáÇ~íáçåK=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KRR
NKNPKN= kìãÉêáÅ~ä=îÉêëìë=~å~äóíáÅ~ä=ëçäìíáçåë=çÑ=_eb=Ñçê=
ëíÉ~ÇóJëí~íÉ=ÅçåÇáíáçåë=~åÇ=ÖáîÉå=íÉãéÉê~íìêÉ=~í=
ÄçêÉÜçäÉ=ï~ää K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=RR

NKNPKO= ^å~äóíáÅ~ä=ëçäìíáçå=çÑ=ÜÉ~í=íê~åëéçêí=áå=~=ëáåÖäÉ=éáéÉ=
ïáíÜ=ëçáä=áåíÉê~Åíáçå K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=SP

NKNPKP= qê~åëáÉåí=_eb=ëçäìíáçå=çÑ=Åç~ñá~ä=éáéÉ=ëóëíÉã =K=K=K=ST
NKNPKQ= _eb=ëçäìíáçå=îÉêëìë=Ñìääó=ÇáëÅêÉíáòÉÇ=Pa=ãçÇÉä=

EcaPajF=ëçäìíáçå=~ééäáÉÇ=íç=~=ÇçìÄäÉ=rJëÜ~éÉ=éáéÉ=
ëóëíÉã K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=TQ

NKNQ= ^ééäáÅ~íáçå=íç=_çêÉÜçäÉ=qÜÉêã~ä=båÉêÖó=píçêÉë=K=K=TU
NKNQKN= aóå~ãáÅ=ÅçìéäáåÖ=ïáíÜ=íÜÉ=ÉåÉêÖó=ëáãìä~íáçå=éêçJ

Öê~ã=qokpvp =K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=TV
NKNQKO= kìãÉêáÅ~ä=ëáãìä~íáçå=çÑ=êÉ~äJëáíÉ=_qbp=`ê~áäëÜÉáãI=

dÉêã~åó K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=TV
NKNR= pìãã~êó=~åÇ=`çåÅäìëáçåëK=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=UO

^ÅâåçïäÉÇÖÉãÉåíë K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=UR
oÉÑÉêÉåÅÉë K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=US

= ^ééÉåÇáñ=^=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=UT
^å~äóíáÅ=Éî~äì~íáçå=çÑ=ã~íêáñ=ÉäÉãÉåíë=Ñçê=íÜÉ=Na=éáéÉ=
ÉäÉãÉåí K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=UT

= ^ééÉåÇáñ=_=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=VN
bäÉãÉåí=ã~íêáÅÉë=çÑ=íÜÉ=NaJOr=éáéÉ=ÉäÉãÉåíK=K=K=K=VN

= ^ééÉåÇáñ=` K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=VQ
kçãÉåÅä~íìêÉ=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=VQ
OK=aÉêáî~íáçå=çÑ=íÜÉ=ÅçÉÑÑáÅáÉåíë=çÑ=ÅçãéêÉëëáÄáäáíóI=íÜÉêã~ä=Éñé~åëáçå=~åÇ=ÑäìáÇ=
ÇÉåëáíó=ÇáÑÑÉêÉåÅÉ=ê~íáç=Ñçê=êÉéêçÇìÅáåÖ=~èìÉçìë=k~`ä=ÇÉåëáíó =K=K=K=K=K=K=K=K=K=K=K=K= VT

OKN= bèì~íáçåë=~åÇ=s~êá~ÄäÉ=aÉÑáåáíáçåë =K=K=K=K=K=K=K=K=K=K=K=KVT OKPKO= aÉëÅêáéíáçå=çÑ=íÜÉ=ëçìêÅÉ=ÅçÇÉ=ÄêáåÉ|ÇÉåëKÅ =K=K=K=NMN

OKO= a~í~=~åÇ=mçäóåçãá~ä=bèì~íáçåëK=K=K=K=K=K=K=K=K=K=K=K=K=K=KVU
OKOKN= a~í~=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KVU
OKOKO= mçäóåçãá~ä=Ñáí =K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KVU
OKP= fãéäÉãÉåí~íáçå =K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=KNMM
OKPKN= eçï=íç=áãéäÉãÉåí=íÜÉ=ÉñíÉåÇÉÇ=blp\ K=K=K=K=K=K=K=KNMN
^ÅâåçïäÉÇÖÉãÉåíë K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=NMP
oÉÑÉêÉåÅÉë K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=NMP

= ^ééÉåÇáñ=^=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=NMP
kçãÉåÅä~íìêÉ=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=NMP
pìÄàÉÅí=fåÇÉñ K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= NMR

^ìíÜçê=fåÇÉñ=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K=K= NMT



N cáåáíÉ=ÉäÉãÉåí=Ñçêãìä~íáçå=Ñçê=ÄçêÉÜçäÉ=ÜÉ~í=ÉñÅÜ~åÖÉêë=áå=ãçÇÉäáåÖ=ÖÉçíÜÉêã~ä=ÜÉ~íáåÖ=ëóëíÉãë=Äó=cbcilt

NKN fåíêçÇìÅíáçå

In shallow aquifers a modern geothermal heat
extraction technology (geoexchange) concerns the use
of Borehole Heat Exchanger (BHE) systems of differ-
ent construction. The most common in practice are sin-
gle U-shape pipe (consisting of an inlet pipe, an outlet
pipe and grout), double U-shape pipe (consisting of
two inlet pipes, two outlet pipes and grout) and coaxial
pipe (consisting of an inlet pipe included with an outlet
pipe and grout) installations. Such heat exchangers
form a vertical borehole system, where a refrigerant
circulates in closed pipes exchanging heat with the sur-
rounding aquifer driven alone by thermal conductivity
(closed loop system). However, the extreme geometri-
cal aspect ratios (extreme slenderness), typically
involved in those boreholes, require an advanced
numerical strategy, where the BHE systems are mod-
eled by 1D finite-element representations. We mainly
follow the ideas proposed by Al-Khoury et al.1,2, who
firstly used 1D single and double U-pipe elements in
the context of geothermal heating systems. Al-Khoury
et al.’s numerical strategy is further extended and
adapted to the FEFLOW simulator with respect to the
following:

• Generalization of the formulations for single and
double U-shape as well as coaxial pipe configura-
tions.

• Improving pipe-to-grout approximation method
by using multiple grout points in application to
single and double U-shape pipe exchangers.

• Improving relationships for thermal resistances of
BHE.

• Integrating the 1D BHE pipe elements into
FEFLOW’s finite-element matrix system similar
to fracture elements.

• Direct and non-sequential (essentially non-itera-
tive) coupling of the 1D pipe elements to the
porous medium discretization.

• Extending FEFLOW’s boundary conditions for
BHE pipes similar to multi-well borehole condi-
tions.

In addition, the local processes within BHE can also
alternatively be modeled via an analytical technique
under the major assumption that local steady-state con-
ditions are considered, where a thermal equilibrium
immediately occurs between inlet and outlet pipes for a
N
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given solid temperature at the borehole wall. Such type
of analytical solutions has been firstly introduced by
Eskilson and Claesson12. Their local analytical model
is taken as an alternative to the general Al-Khoury et
al.’s numerical strategy, particularly for long-term pre-
dictions. We will extend Eskilson and Claesson’s ana-
lytical solution to different types of BHE and embed it
in a general iterative finite-element strategy for solving
the overall problem. Al-Khoury et al.’s numerical and
Eskilson and Claesson’s analytical strategies will be
compared and tested. While the Al-Khoury et al.’s
numerical approach has proven appropriated over the
full time range of processes, Eskilson and Claesson’s
analytical solution is not suited for short-term predic-
tions (say, thermal responses in a time range smaller
than some hours), however, for long-term predictions
the analytical solution has been shown in a well and
reasonable accuracy in comparison to the general Al-
Khoury et al.’s numerical strategy. In FEFLOW both
modeling approaches are available and can be chosen
in accordance with the specific needs in modeling.

NKO qóéÉë=çÑ=_eb

NKOKN açìÄäÉ=rJëÜ~éÉ=éáéÉ=EOrF
The double U-shape pipe (2U) exchanger is a cylin-

drical borehole consisting of two inner pipes forming a
U-shape and filled with a grout material as shown in
Fig. 1.1. Basically, the grout can be considered as a
homogeneous material and could be schematized by
only one component so as proposed by Al-Khoury et
al.1,2. However, to improve the approximation of the
inner pipe-to-grout heat transfer we introduce a larger
number of grout components, which correlates with the
number of pipes of BHE. This has some advantages:
(1) A better accuracy results in modeling the transient
behavior of U-shape pipe exchangers. (2) It allows a
much higher flexibility in configuration of U-shape
pipe systems, particularly, the U-shape pipes can be
arranged crosswise or side by side. (3) Furthermore,
the flow through double U-shape pipe configurations
can be parallel or serial.

In total, we schematize a 2U exchanger by eight com-
ponents:

• two pipes-in (denoted as i1 and i2)
• two pipes-out (denoted as o1 and o2)
• grout material, which is subdivided into 4 zones

(denoted as g1, g2, g3, g4)

The four pipe components i1, i2, o1, and o2 transfer
heat across their cross-sectional areas and exchange
fluxes across their surface areas. The radial heat trans-
fer from the pipes is directed to the grout zones gi (i =
1,...,4). The grout zones gi (i = 1,...,4) exchange heat
directly to the surrounding soil (the porous matrix with
the filled fluid in the void space) denoted as s and to
other contacted grout zones too. It can be seen that, as
physically occurring, the heat coupling only occurs via
the grout zones gi (i = 1,...,4), which work as interme-
diate media that transfer heat from one pipe to another
and vice versa. Only the grout zones exchange heat
with the surrounding soil s because there is no direct
thermal contact between the pipes i1, i2, o1, and o2
with the soil s.
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Figure 1.1 Schematization of a 2U-type BHE (from Al-
Khoury and Bonnier2).
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The 2U system involves several material and geo-
metrical parameters, which are either given by the
manufacturer of the heating systems or determined
experimentally. These relations are used to express the
overall thermal resistance between the 2U borehole and
the soil. The usual practice is to lump the effects of the
2U components into effective heat transfer coefficients
representing the reciprocal of the sum of the thermal
resistances between the different components. The
inner pipe-grout heat flux resistance relationships are
shown in Fig. 1.2. Their analytical descriptions will be
given in Chapter 1.5.
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NKOKO páåÖäÉ=rJëÜ~éÉ=éáéÉ=ENrF
The single U-shape pipe (1U) exchanger can be eas-

ily degenerated from a 2U configuration when drop-
ping the second U-tube. A 1U configuration only
consists of four components:

• one pipe-in (denoted as i1)
• one pipe-out (denoted as o1)
• grout material, which is subdivided into 2 zones

(denoted as g1, g2)
Similar to the 2U exchanger the U-tube of the 1U con-
figuration transfers heat in radial direction to the grout
zones gi (i = 1,...,2), while the grout material zones
exchange heat directly to the surrounding soil s and to
the adjacent grout zone. The corresponding inner pipe-
grout heat flux resistance relationships are shown in
Fig. 1.3.
Figure 1.3  Inner pipe-grout heat flux resistance relationships of a 1U borehole con-
sisting of two pipe components and two grout zones.
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This type of BHE consists only of three components:
• one pipe-in (denoted as i1)
• one pipe-out (denoted as o1)
• grout material considered in one zone (denoted as

g1)
Such coaxial BHE systems represent pipe-in-pipe
installations, where two principal cases occur. In the
case of the CXA exchanger the pipe-out is configured
inside the pipe-in as shown in Fig. 1.4 forming an
annular inlet and a centred outlet. Accordingly, the heat
exchange to the grout material g1, which is in contact
to the surrounding soil s, is only performed via the
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pipe-in i1. On the other hand, the pipe-in i1 exchanges
heat with the pipe-out o1 component. The coaxial pipes
can also be installed with interchanged inlet and outlet.
This represents the CXC exchanger, where the pipe-in
is configured inside the pipe-out as shown in Fig. 1.5
forming a centred inlet and an annular outlet. Here, the
heat exchange to the grout material g1 is only per-
formed via the pipe-out o1.
Figure 1.4 Inner pipe-grout heat flux resistance relationships of a CXA borehole
with annular inlet.
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NKPKN _~ëáÅ=Éèì~íáçåë
They describe the model equations for the global prob-
lem of the subsurface in form of balance laws for fluid
mass, fluid momentum and thermal energy of soil s and
fluid f. The conservation equation of fluid mass is
given by
(1-1)

where the used symbols are summarized in Appendix
C. The flux  in the porous medium is expressed by
the Darcy law as

(1-2)

with the constitutive equations for fluid density and

Ss
∂h
∂t
------ ∇ q⋅+ Q QEOB+=

q

q Kfμ ∇h
ρf ρ0

f–

ρ0
f

----------------e+
⎝ ⎠
⎜ ⎟
⎛ ⎞

–=
cbcilt=ö=V
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viscosity

Figure 1.5 Inner pipe-grout heat flux resistance relationships of a CXC borehole with
centred inlet.
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The conservation equation of thermal energy in the soil
s can be expressed as

(1-4)

with the tensor of thermal hydrodynamic dispersion

ρf ρ0
f 1 β Ts Ts0–( )–[ ]=

fμ
μ0

f

μf
------= μf μf Ts( )=

⎭
⎪
⎪
⎬
⎪
⎪
⎫

t∂
∂ ερfcf 1 ε–( )ρscs+( )Ts[ ] ∇ ρfcfqTs( )

∇ L ∇Ts⋅( )⋅–

⋅+

Hs=
(1-5)

and the term of extended Oberbeck-Boussinesq
approximation

(1-6)

NKPKO qÜÉêã~ä=ÄçìåÇ~êó=ÅçåÇáíáçåë
The boundary of the domain  is denoted by ,

which can be subdivided in a number of disjoint por-
tions  and . The boundary conditions (BC) on
these boundary portions associated with the thermal

L ελf 1 ε–( )λs+[ ]I ρfcf αT q I

αL αT–( )q q⊗
q

-------------+

+=

QEOB β q ∇Ts ε
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field of the soil s are given as follows:

NKPKOKN aáêáÅÜäÉíJíóéÉ=_`

(1-7)

NKPKOKO kÉìã~ååJíóéÉ=_`

(1-8)

NKPKOKP `~ìÅÜóJíóéÉ=_`

(1-9)

which represents an interaction surface with the bore-
hole controlled by the heat transfer coefficient

 between the soil and grout material zones
of the borehole. In (1-9) G denotes the number of grout

Ts x t,( ) Ts
R t( )= on Γ1 t[0,× ∞)

qnTs
x t,( ) qnTs

R t( ) L ∇Ts⋅( ) n⋅–= =

on Γ2 t[0,× ∞)

qnTs
x t,( ) Φsg Tgi Ts–( )

i 1=

G

∑–=

on Γ3 t[0,× ∞)

Φsg Φgs=
zones, which is 4 for 2U, 2 for 1U, and 1 for CXA and
CXC. 
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The processes within the borehole are considered as
a local problem, which is linked to the global (soil-
related) problem via thermal transfer relationships.
They are formulated by energy conservation equations
for the BHE components consisting of pipe(s)-in,
pipe(s)-out and grout zone(s).

NKQKN Or=ÉñÅÜ~åÖÉê
The BHE represents a closed pipe system, where a

refrigerant fluid is circulating with a given velocity u.
The heat transport equations for the eight borehole
components of a 2U configuration can be written as
follows
(1-10a)

(1-10b)

t∂
∂ ρrcrTi1( ) ∇ ρrcruTi1( ) ∇ Lr ∇Ti1⋅( )⋅–⋅+ Hi1= in Ωi1

with qnTi1
Φfig

2U Tg1 Ti1–( )–= on Γi1 ⎭
⎪
⎬
⎪
⎫

t∂
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with qnTi2
Φfig
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⎪
⎬
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⎫
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(1-10d)

(1-10e)

(1-10f)

(1-10g)

(1-10h)
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where

(1-11)Lr λr ρrcrαL u+( )I=
NKQKO Nr=ÉñÅÜ~åÖÉê
For the 1U exchanger only four borehole compo-

nents exist consisting of one pipe-in, one pipe-out and
two grout zones. In this case the equations (1-10b), (1-
10d), (1-10f) and (1-10g) are irrelevant. It results
(1-12a)

(1-12b)

(1-12c)

(1-12d)

t∂
∂ ρrcrTi1( ) ∇ ρrcruTi1( ) ∇ Lr ∇Ti1⋅( )⋅–⋅+ Hi1= in Ωi1

with qnTi1
Φf ig

1U Tg1 Ti1–( )–= on Γi1 ⎭
⎪
⎬
⎪
⎫

t∂
∂ ρrcrTo1( ) ∇ ρrcruTo1( ) ∇ Lr ∇To1⋅( )⋅–⋅+ Ho1= in Ωo1

with qnTo1
Φfog

1U Tg2 To1–( )–= on Γo1 ⎭
⎪
⎬
⎪
⎫

t∂
∂ εgρ

gcgTg1( ) ∇ εgλ
g∇Tg1( )⋅– Hg1= in Ωg1

with qnTg1
Φgs

1U Ts Tg1–( ) Φf ig
1U Ti1 Tg1–( ) Φgg

1U Tg2 Tg1–( )   on     Γg1–––= ⎭
⎪
⎬
⎪
⎫

t∂
∂ εgρ

gcgTg2( ) ∇ εgλ
g∇Tg2( )⋅– Hg2= in Ωg2

with qnTg2
Φgs

1U Ts Tg2–( ) Φfog
1U To1 Tg2–( ) Φgg

1U Tg1 Tg2–( )   on     Γg2–––= ⎭
⎪
⎬
⎪
⎫

NKQKP `u^=ÉñÅÜ~åÖÉê
A CXA exchanger only encompasses three borehole

components consisting of one pipe-in, one pipe-out and
one grout zone. The heat transport equations read
cbcilt=ö=NP



NQ=ö=tÜáíÉ=m~éÉêë=J=sçäK=s

NK=cáåáíÉ=ÉäÉãÉåí=Ñçêãìä~íáçå=Ñçê=ÄçêÉÜçäÉ=ÜÉ~í=ÉñÅÜ~åÖÉêë=áå=ãçÇÉäáåÖ=ÖÉçíÜÉêã~ä
ÜÉ~íáåÖ=ëóëíÉãë=
Äó=cbcilt
(1-13a)

(1-13b)

(1-13c)

t∂
∂ ρrcrTi1( ) ∇ ρrcruTi1( ) ∇ Lr ∇Ti1⋅( )⋅–⋅+ Hi1= in Ωi1

with qnTi1
Φf ig

CXA Tg1 Ti1–( )– Φff
CXA To1 Ti1–( )–= on Γi1 ⎭

⎪
⎬
⎪
⎫

t∂
∂ ρrcrTo1( ) ∇ ρrcruTo1( ) ∇ Lr ∇To1⋅( )⋅–⋅+ Ho1= in Ωo1

with qnTo1
Φff

CXA Ti1 To1–( )–= on Γo1 ⎭
⎪
⎬
⎪
⎫

t∂
∂ εgρ

gcgTg1( ) ∇ εgλ
g∇Tg1( )⋅– Hg1= in Ωg1

with qnTg1
Φgs

CXA Ts Tg1–( )– Φf ig
CXA Ti1 Tg1–( )–= on Γg1 ⎭

⎪
⎬
⎪
⎫

NKQKQ `u`=ÉñÅÜ~åÖÉê
Similarly to the CXA exchanger a CXC exchanger

contains three borehole components consisting of one
pipe-in, one pipe-out and one grout zone. The only dif-
ference is that the CXC exchanger with centred inlet
pipe configuration the pipe-in only exchanges heat
with the pipe-out. In this case the heat transport equa-
tions are given by



NKR=qÜÉêã~ä=oÉëáëí~åÅÉë
(1-14a)

(1-14b)

(1-14c)

t∂
∂ ρrcrTi1( ) ∇ ρrcruTi1( ) ∇ Lr ∇Ti1⋅( )⋅–⋅+ Hi1= in Ωi1

with qnTi1
Φf f

CXC To1 Ti1–( )–= on Γi1 ⎭
⎪
⎬
⎪
⎫

t∂
∂ ρrcrTo1( ) ∇ ρrcruTo1( ) ∇ Lr ∇To1⋅( )⋅–⋅+ Ho1= in Ωo1

with qnTo1
Φfog

CXC Tg1 To1–( )– Φf f
CXC Ti1 To1–( )–= on Γo1 ⎭

⎪
⎬
⎪
⎫

t∂
∂ εgρ

gcgTg1( ) ∇ εgλ
g∇Tg1( )⋅– Hg1= in Ωg1

with qnTg1
Φgs

CXC Ts Tg1–( )– Φfog
CXC To1 Tg1–( )–= on Γg1 ⎭

⎪
⎬
⎪
⎫

Note that  due to the different pipe radii
for pipe-in and pipe-out in a coaxial pipe installation.

NKR qÜÉêã~ä=oÉëáëí~åÅÉë

Thermal resistances are determined from the physi-
cal, material and geometric engineering parameters of
the different BHE configurations as shown in Fig. 1.2
for the 2U exchanger, in Fig. 1.3 for the 1U exchanger,
in Fig. 1.4 for the CXA exchanger and in Fig. 1.5 for
the CXC exchanger. As indicated there the interaction
between the different components of the pipe exists
between the pipe-in and grout zone(s), the pipe-out and
grout zone(s) as well as the pipe-in and pipe-out. The
following thermal resistances can be derived.

Φf f
CXA Φf f

CXC≠

NKRKN Or=ÉñÅÜ~åÖÉê

The thermal resistance between the pipes and grout
zones is caused by the advection of the pipe flow and
thermal conductivity of the pipe wall material specified
separately for pipe-in and pipe-out

(1-15a)

(1-15b)

NKRKNKN qÜÉêã~ä=êÉëáëí~åÅÉ=ÇìÉ=íç=íÜÉ=
~ÇîÉÅíáîÉ=Ñäçï=çÑ=êÉÑêáÖÉê~åí=áå=
íÜÉ=éáéÉë

(1-16)

Rfig
2U Radvk

2U R
conk

a
2U R

conb
2U+ += k i1 i2∩=( )

Rfog
2U Radvk

2U R
conk

a
2U R

conb
2U+ += k o1 o2∩=( )

Radvk

2U 1
Nukλ

rπ
------------------= k i1 o1 i2 o2,,,=( )
cbcilt=ö=NR



NS=ö=tÜáíÉ=m~éÉêë=J=sçäK=s

NK=cáåáíÉ=ÉäÉãÉåí=Ñçêãìä~íáçå=Ñçê=ÄçêÉÜçäÉ=ÜÉ~í=ÉñÅÜ~åÖÉêë=áå=ãçÇÉäáåÖ=ÖÉçíÜÉêã~ä
ÜÉ~íáåÖ=ëóëíÉãë=
Äó=cbcilt

In (1-16) the Nusselt numbers, ,Nuk k i1 o1 i2 o2,,,=( )
 differ between laminar and turbulent flow21, viz.,
in which Pr represents the Prandtl number and  are

(1-17)Nuk

4.364                                                                                            for laminar flow if Rek 2300<

ξk 8⁄( )RekPr

1 12.7 ξk 8⁄  Pr2 3⁄ 1–( )+
------------------------------------------------------------------ 1

dk
i

L
-----
⎝ ⎠
⎜ ⎟
⎛ ⎞

2 3⁄

+                         for turbulent flow if Rek 104≥

1 γk–( ) 4.364  +

         γk
0.0308/8( )104 Pr

1 12.7 0.0308/8 Pr2 3⁄ 1–( )+
---------------------------------------------------------------------------- 1

dk
i

L
-----
⎝ ⎠
⎜ ⎟
⎛ ⎞

2 3⁄

+
⎩ ⎭
⎨ ⎬
⎧ ⎫

for flow in transition range if 2300 Rek 104<≤
⎩
⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪
⎧

=

Re

the Reynolds number defined as

(1-18)

where  are the inner diameters of the pipes
. Furthermore,  corre-

sponds to the length of the pipe and

(1-19)

It is

k

Pr μrcr

λr
----------= Rek

uk
2Udk

i

μr ρr⁄( )
--------------------= k i1 o1 i2 o2,,,=( )

dk
i

dk
i 2rk

i    k i1 o1 i2 o2,,,=( )= L

ξk 1.8 log10Rek 1.5–( ) 2–=

γk
Rek - 2300

104 2300–
--------------------------= 0 γk 1≤ ≤( )

⎭
⎪
⎬
⎪
⎫

(1-20)

where  is the total refrigerant flow discharge of the
2U exchanger.

NKRKNKO qÜÉêã~ä=êÉëáëí~åÅÉë=ÇìÉ=íç=íÜÉ=
éáéÉë=ï~ää=ã~íÉêá~ä=~åÇ=Öêçìí=
íê~åëáíáçå

(1-21)

where  correspond to the thermal con-
ductivities of the pipe wall material.

uk
2U

Qr

2π rk
i( )

2
------------------- for parallel discharge

Qr

π rk
i( )

2
--------------- for serial discharge

⎩
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎧

= k i1 o1 i2 o2,,,=( )

Qr

R
conk

a
2U ln rk

o rk
i⁄( )

2πλk
p

-----------------------= k i1 o1 i2 o2,,,=( )

λi1
p λo1

p λi2
p λo2

p, , ,



NKR=qÜÉêã~ä=oÉëáëí~åÅÉë
(1-22)

with

(1-23)

and

(1-24)

where  denotes the borehole diameter,  is

the averaged outer diameter of the pipes

 and  corre-
sponds to diagonal distance of pipes (see Fig. 1.2).

NKRKNKP qÜÉêã~ä=êÉëáëí~åÅÉ=ÇìÉ=íç=áåíÉêJ
Öêçìí=ÉñÅÜ~åÖÉ

(1-25)

R
conb
2U x2URg

2U=

x2U
ln

D2 4do
2+

2 2 do

--------------------------
⎝ ⎠
⎜ ⎟
⎛ ⎞

ln D
2do
--------⎝ ⎠
⎛ ⎞

-------------------------------------=

Rg
2U

arcosh
D2 do

2 s2–+
2 D do

-----------------------------
⎝ ⎠
⎜ ⎟
⎛ ⎞

2πλg
--------------------------------------------------- 3.098 4.432 s

D
----–

2.364 s2

D2
------+

⎝

⎠

⎜

⎟

⎛

⎞

=

D do
1
4
--- dk

o

k
∑=

dk
o 2rk

o   k i1 o1 i2 o2,,,=( )= s w 2=

Rgg1
2U 2Rgs

2U Rar1
2U 2x2URg

2U–( )

2Rgs
2U Rar1

2U 2x2URg
2U+–

----------------------------------------------------------=
(1-26)

with

(1-27)

(1-28)

NKRKNKQ qÜÉêã~ä=êÉëáëí~åÅÉ=ÇìÉ=íç=ÖêçìíJ
ëçáä=ÉñÅÜ~åÖÉ

(1-29)

NKRKO Nr=ÉñÅÜ~åÖÉê
It is

(1-30a)

(1-30b)

Rgg2
2U 2Rgs

2U Rar2
2U 2x2URg

2U–( )

2Rgs
2U Rar2

2U 2x2URg
2U+–

----------------------------------------------------------=

Rar1
2U

arcosh
s2 do

2–

do
2

----------------
⎝ ⎠
⎜ ⎟
⎛ ⎞

2πλg
--------------------------------------=

Rar2
2U

arcosh
2s2 do

2–

do
2

-------------------
⎝ ⎠
⎜ ⎟
⎛ ⎞

2πλg
-----------------------------------------=

Rgs
2U 1 x2U–( )Rg

2U=

Rfig
1U Radvk

1U R
conk

a
1U R

conb
1U+ += k i1=( )

Rfog
1U Radvk

1U R
conk

a
1U R

conb
1U+ += k o1=( )
cbcilt=ö=NT



NU=ö=tÜáíÉ=m~éÉêë=J=sçäK=s

NK=cáåáíÉ=ÉäÉãÉåí=Ñçêãìä~íáçå=Ñçê=ÄçêÉÜçäÉ=ÜÉ~í=ÉñÅÜ~åÖÉêë=áå=ãçÇÉäáåÖ=ÖÉçíÜÉêã~ä
ÜÉ~íáåÖ=ëóëíÉãë=
Äó=cbcilt

NKRKOKN qÜÉêã~ä=êÉëáëí~åÅÉ=ÇìÉ=íç=íÜÉ=
~ÇîÉÅíáîÉ=Ñäçï=çÑ=êÉÑêáÖÉê~åí=áå=
íÜÉ=éáéÉë

(1-31)Radvk

1U 1
Nukλ

rπ
------------------= k i1 o1,=( )
with
(1-32)Nuk

4.364                                                                                            for laminar flow if Rek 2300<

ξk 8⁄( )RekPr

1 12.7 ξk 8⁄  Pr2 3⁄ 1–( )+
------------------------------------------------------------------ 1

dk
i

L
-----
⎝ ⎠
⎜ ⎟
⎛ ⎞

2 3⁄

+                         for turbulent flow if Rek 104≥

1 γk–( ) 4.364  +

         γk
0.0308/8( )104 Pr

1 12.7 0.0308/8 Pr2 3⁄ 1–( )+
---------------------------------------------------------------------------- 1

dk
i

L
-----
⎝ ⎠
⎜ ⎟
⎛ ⎞

2 3⁄

+
⎩ ⎭
⎨ ⎬
⎧ ⎫

for flow in transition range if 2300 Rek 104<≤
⎩
⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪
⎧

=

where

(1-33)

and

(1-34)

(1-35)

Pr μrcr

λr
----------= Rek

uk
1Udk

i

μr ρr⁄( )
--------------------= k i1 o1,=( )

ξk 1.8 log10Rek 1.5–( ) 2–=

γk
Rek - 2300

104 2300–
--------------------------= 0 γk 1≤ ≤( )

⎭
⎪
⎬
⎪
⎫

uk
1U Qr

2π rk
i( )

2
-------------------= k i1 o1,=( )
NKRKOKO qÜÉêã~ä=êÉëáëí~åÅÉ=ÇìÉ=íç=íÜÉ=
éáéÉë=ï~ää=ã~íÉêá~ä=~åÇ=Öêçìí=
íê~åëáíáçå

(1-36)

(1-37)

with

(1-38)

R
conk

a
1U ln rk

o rk
i⁄( )

2πλk
p

-----------------------= k i1 o1,=( )

R
conb
1U x1URg

1U=

x1U
ln

D2 2do
2+

2do
--------------------------
⎝ ⎠
⎜ ⎟
⎛ ⎞

ln D
2 do

--------------⎝ ⎠
⎛ ⎞

-------------------------------------=



NKR=qÜÉêã~ä=oÉëáëí~åÅÉë
and

(1-39)

where  corresponds to distance of pipes (see Fig.
1.3).

NKRKOKP qÜÉêã~ä=êÉëáëí~åÅÉ=ÇìÉ=íç=áåíÉêJ
Öêçìí=ÉñÅÜ~åÖÉ

(1-40)

with

(1-41)

NKRKOKQ qÜÉêã~ä=êÉëáëí~åÅÉ=ÇìÉ=íç=ÖêçìíJ
ëçáä=ÉñÅÜ~åÖÉ

(1-42)

NKRKP `u^=ÉñÅÜ~åÖÉê
It is

Rg
1U

arcosh
D2 do

2 w2–+
2 D do

-------------------------------
⎝ ⎠
⎜ ⎟
⎛ ⎞

2πλg
----------------------------------------------------- 1.601 0.888w

D
----–⎝ ⎠

⎛ ⎞=

w

Rgg
1U 2Rgs

1U Rar
1U 2x1URg

1U–( )

2Rgs
1U Rar

1U 2x1URg
1U+–

--------------------------------------------------------=

Rar
1U

arcosh
2w2 do

2–

do
2

---------------------
⎝ ⎠
⎜ ⎟
⎛ ⎞

2πλg
-------------------------------------------=

Rgs
1U 1 x1U–( )Rg

1U=
(1-43a)

(1-43b)

NKRKPKN qÜÉêã~ä=êÉëáëí~åÅÉ=ÇìÉ=íç=íÜÉ=
~ÇîÉÅíáîÉ=Ñäçï=çÑ=êÉÑêáÖÉê~åí=áå=
íÜÉ=éáéÉë

(1-44a)

(1-44b)

(1-44c)

with

Rff
CXA Radvo1

CXA R
advi1

a
CXA Rcono1

CXA+ +=

Rfig
CXA R

advi1
b

CXA Rconi1

CXA R
conb
CXA+ +=

Radvo1

CXA 1
Nuo1λ

rπ
---------------------=

R
advi1

a
CXA 1

Nui1λ
rπ

--------------------  
dh

do1
o

--------=

R
advi1

b
CXA 1

Nui1λ
rπ

--------------------  
dh

di1
i

-------=
cbcilt=ö=NV



OM=ö=tÜáíÉ=m~éÉêë=J=sçäK=s

NK=cáåáíÉ=ÉäÉãÉåí=Ñçêãìä~íáçå=Ñçê=ÄçêÉÜçäÉ=ÜÉ~í=ÉñÅÜ~åÖÉêë=áå=ãçÇÉäáåÖ=ÖÉçíÜÉêã~ä
ÜÉ~íáåÖ=ëóëíÉãë=
Äó=cbcilt
(1-45a)

(1-45b)

where

(1-46)

Nuo1

4.364                                                                                                for laminar flow if Reo1 2300<

ξo1 8⁄( )Reo1Pr

1 12.7 ξo1 8⁄  Pr2 3⁄ 1–( )+
-------------------------------------------------------------------- 1

do1
i

L
-------
⎝ ⎠
⎜ ⎟
⎛ ⎞

2 3⁄

+                         for turbulent flow if Reo1 104≥

1 γo1–( ) 4.364  γo1
0.0308/8( )104 Pr

1 12.7 0.0308/8 Pr2 3⁄ 1–( )+
---------------------------------------------------------------------------- 1

do1
i

L
-------
⎝ ⎠
⎜ ⎟
⎛ ⎞

2 3⁄

+
⎩ ⎭
⎨ ⎬
⎧ ⎫

        for flow in transition range if 2300 Reo1 104<≤+
⎩
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎧

=

Nui1

3.66 4 0.102
do1

o

di1
i

-------
⎝ ⎠
⎜ ⎟
⎛ ⎞

0.02+

------------------------------–
do1

o

di1
i

-------
⎝ ⎠
⎜ ⎟
⎛ ⎞ 0.04

+ for Rei1 2300<

ξi1 8⁄( )Rei1Pr

1 12.7 ξi1 8⁄  Pr2 3⁄ 1–( )+
------------------------------------------------------------------- 1

dh

L
-----⎝ ⎠
⎛ ⎞

2 3⁄
+

0.86 
do1

o

di1
i

-------
⎝ ⎠
⎜ ⎟
⎛ ⎞ 0.84

1 0.14 
do1

o

di1
i

-------
⎝ ⎠
⎜ ⎟
⎛ ⎞ 0.6

–+

1
do1

o

di1
i

-------
⎝ ⎠
⎜ ⎟
⎛ ⎞

+

-------------------------------------------------------------------------------------- for Rei1 104≥

1 γi1–( ) 3.66 4 0.102
do1

o

di1
i

-------
⎝ ⎠
⎜ ⎟
⎛ ⎞

0.02+

------------------------------–  
do1

o

di1
i

-------
⎝ ⎠
⎜ ⎟
⎛ ⎞ 0.04

+

⎩ ⎭
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎧ ⎫

    +

         γi1
0.0308/8( )104 Pr

1 12.7 0.0308/8 Pr2 3⁄ 1–( )+
---------------------------------------------------------------------------- 1

dh

L
-----⎝ ⎠
⎛ ⎞

2 3⁄
+

0.86 
do1

o

di1
i

-------
⎝ ⎠
⎜ ⎟
⎛ ⎞ 0.84

1 0.14 
do1

o

di1
i

-------
⎝ ⎠
⎜ ⎟
⎛ ⎞ 0.6

–+

1
do1

o

di1
i

-------
⎝ ⎠
⎜ ⎟
⎛ ⎞

+

--------------------------------------------------------------------------------------

⎩ ⎭
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎧ ⎫

for 2300 Rei1 104<≤

⎩
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎧

=

Pr μrcr

λr
----------= Reo1

uo1
CXAdo1

i

μr ρr⁄( )
------------------------------= Rei1

ui1
CXAdh

μr ρr⁄( )
--------------------------=



NKR=qÜÉêã~ä=oÉëáëí~åÅÉë
and

(1-47)

(1-48)

NKRKPKO qÜÉêã~ä=êÉëáëí~åÅÉ=ÇìÉ=íç=íÜÉ=
éáéÉë=ï~ää=ã~íÉêá~ä=~åÇ=Öêçìí=
íê~åëáíáçå

(1-49)

(1-50)

with

(1-51)

and

dh di1
i do1

o–=

ξk 1.8 log10Rek 1.5–( ) 2–=

γk
Rek - 2300

104 2300–
--------------------------= 0 γk 1≤ ≤( )

k i1 o1,=( )

uo1
CXA Qr

2π ro1
i( )

2
----------------------=

ui1
CXA Qr

2π ri1
i( )

2
ro1

o( )
2

–[ ]
----------------------------------------------=

⎭
⎪
⎪
⎪
⎬
⎪
⎪
⎪
⎫

Rconk

CXA ln rk
o rk

i⁄( )

2πλk
p

-----------------------= k i1 o1,=( )

R
conb
CXA xCXARg

CXA=

xCXA

ln
D2 di1

o( )
2

+

2di1
o

--------------------------------
⎝ ⎠
⎜ ⎟
⎜ ⎟
⎛ ⎞

ln D
 di1

o
---------
⎝ ⎠
⎜ ⎟
⎛ ⎞

------------------------------------------=
(1-52)

NKRKPKP qÜÉêã~ä=êÉëáëí~åÅÉ=ÇìÉ=íç=ÖêçìíJ
ëçáä=ÉñÅÜ~åÖÉ

(1-53)

NKRKQ `u`=ÉñÅÜ~åÖÉê
It is

(1-54a)

(1-54b)

NKRKQKN qÜÉêã~ä=êÉëáëí~åÅÉ=ÇìÉ=íç=íÜÉ=
~ÇîÉÅíáîÉ=Ñäçï=çÑ=êÉÑêáÖÉê~åí=áå=
íÜÉ=éáéÉë

(1-55a)

(1-55b)

(1-55c)

with

Rg
CXA ln D di1

o⁄( )

2πλg
-------------------------=

Rgs
CXA 1 xCXA–( )Rg

CXA=

Rff
CXC Radvi1

CXC R
advo1

a
CXC Rconi1

CXC+ +=

Rfog
CXC R

advo1
b

CXC Rcono1

CXC R
conb
CXC+ +=

Radvi1

CXC 1
Nui1λ

rπ
--------------------=

R
advo1

a
CXC 1

Nuo1λ
rπ

---------------------  
dh

di1
o

-------=

R
advo1

b
CXC 1

Nuo1λ
rπ

---------------------  
dh

do1
i

--------=
cbcilt=ö=ON



OO=ö=tÜáíÉ=m~éÉêë=J=sçäK=s
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(1-56a)

(1-56b)

where

(1-57)

Nui1

4.364                                                                                               for laminar flow if Rei1 2300<

ξi1 8⁄( )Rei1Pr

1 12.7 ξi1 8⁄  Pr2 3⁄ 1–( )+
------------------------------------------------------------------- 1

di1
i

L
------
⎝ ⎠
⎜ ⎟
⎛ ⎞

2 3⁄

+                         for turbulent flow if Rei1 104≥

1 γi1–( ) 4.364         γi1
0.0308/8( )104 Pr

1 12.7 0.0308/8 Pr2 3⁄ 1–( )+
---------------------------------------------------------------------------- 1

di1
i

L
------
⎝ ⎠
⎜ ⎟
⎛ ⎞

2 3⁄

+
⎩ ⎭
⎨ ⎬
⎧ ⎫

for flow in transition range if 2300 Rei1 104<≤+
⎩
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎧

=

Nuo1

3.66 4 0.102
di1

o

do1
i

-------
⎝ ⎠
⎜ ⎟
⎛ ⎞

0.02+

------------------------------–
di1

o

do1
i

-------
⎝ ⎠
⎜ ⎟
⎛ ⎞ 0.04

+ for Reo1 2300<

ξo1 8⁄( )Reo1Pr

1 12.7 ξo1 8⁄  Pr2 3⁄ 1–( )+
-------------------------------------------------------------------- 1

dh

L
-----⎝ ⎠
⎛ ⎞

2 3⁄
+

0.86 
di1

o

do1
i

-------
⎝ ⎠
⎜ ⎟
⎛ ⎞ 0.84

1 0.14 
di1

o

do1
i

-------
⎝ ⎠
⎜ ⎟
⎛ ⎞ 0.6

–+

1
di1

o

do1
i

-------
⎝ ⎠
⎜ ⎟
⎛ ⎞

+

-------------------------------------------------------------------------------------- for Reo1 104≥

1 γo1–( ) 3.66 4 0.102
di1

o

do1
i

-------
⎝ ⎠
⎜ ⎟
⎛ ⎞

0.02+

------------------------------–  
di1

o

do1
i

-------
⎝ ⎠
⎜ ⎟
⎛ ⎞ 0.04

+

⎩ ⎭
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎧ ⎫

    +

         γo1
0.0308/8( )104 Pr

1 12.7 0.0308/8 Pr2 3⁄ 1–( )+
---------------------------------------------------------------------------- 1

dh

L
-----⎝ ⎠
⎛ ⎞

2 3⁄
+

0.86 
di1

o

do1
i

-------
⎝ ⎠
⎜ ⎟
⎛ ⎞ 0.84

1 0.14 
di1

o

do1
i

-------
⎝ ⎠
⎜ ⎟
⎛ ⎞ 0.6

–+

1
di1

o

do1
i

-------
⎝ ⎠
⎜ ⎟
⎛ ⎞

+

--------------------------------------------------------------------------------------

⎩ ⎭
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎧ ⎫

for 2300 Reo1 104<≤

⎩
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎧

=

Pr μrcr

λr
----------= Rei1

ui1
CXCdi1

i

μr ρr⁄( )
---------------------------= Reo1

uo1
CXCdh

μr ρr⁄( )
---------------------------=



NKR=qÜÉêã~ä=oÉëáëí~åÅÉë
and

(1-58)

(1-59)

NKRKQKO qÜÉêã~ä=êÉëáëí~åÅÉ=ÇìÉ=íç=íÜÉ=
éáéÉë=ï~ää=ã~íÉêá~ä=~åÇ=Öêçìí=
íê~åëáíáçå

(1-60)

(1-61)

with

(1-62)

and

dh do1
i di1

o–=

ξk 1.8 log10Rek 1.5–( ) 2–=

γk
Rek - 2300

104 2300–
--------------------------= 0 γk 1≤ ≤( )

k i1 o1,=( )

ui1
CXC Qr

2π ri1
i( )

2
--------------------=

uo1
CXC Qr

2π ro1
i( )

2
ri1

o( )
2

–[ ]
----------------------------------------------=

⎭
⎪
⎪
⎪
⎬
⎪
⎪
⎪
⎫

Rconk

CXC ln rk
o rk

i⁄( )

2πλk
p

-----------------------= k i1 o1,=( )

R
conb
CXC xCXCRg

CXC=

xCXC

ln
D2 do1

o( )
2

+

2do1
o

---------------------------------
⎝ ⎠
⎜ ⎟
⎜ ⎟
⎛ ⎞

ln D
 do1

o
----------
⎝ ⎠
⎜ ⎟
⎛ ⎞

-------------------------------------------=
(1-63)

NKRKQKP qÜÉêã~ä=êÉëáëí~åÅÉ=ÇìÉ=íç=ÖêçìíJ
ëçáä=ÉñÅÜ~åÖÉ

(1-64)

NKRKR kçíÉë= íç= åÉÖ~íáîÉ= íÜÉêã~ä
êÉëáëí~åÅÉë=çÑ=Öêçìí=Ñçê=Or=~åÇ
Nr=ÉñÅÜ~åÖÉêë

In dependence on geometric measures for 2U and
1U exchangers negative thermal resistances for grout

 may occur. This is caused by the
applied model conception of grout zones and can be
accepted in both numerical and analytical BHE models.
However, the following constraints have to be satisfied:

(1-65)

for 2U exchangers and

(1-66)

 
for 1U exchangers.

Rg
CXC ln D do1

o⁄( )

2πλg
--------------------------=

Rgs
CXC 1 xCXC–( )Rg

CXC=

Rgg1
2U Rgg2

2U Rgg
1U, ,

1
Rgg1

2U
----------- 1

2Rgs
2U

------------+
⎝ ⎠
⎜ ⎟
⎛ ⎞ 1–

0>

1
Rgg2

2U
----------- 1

2Rgs
2U

------------+
⎝ ⎠
⎜ ⎟
⎛ ⎞ 1–

0>

1
Rgg

1U
--------- 1

2Rgs
1U

------------+
⎝ ⎠
⎜ ⎟
⎛ ⎞ 1–

0>
cbcilt=ö=OP
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In cases where (1-65) or (1-66) are violated the val-
ues of  and , respectively, have to be reduced
until the constraints (1-65), (1-66) are met. The follow-
ing correction procedure is applied:

• If (1-65) or (1-66) are violated reduce

 and check (1-65) or (1-66).

• If (1-65) or (1-66) are still violated reduce

 and check (1-65) or (1-66).

• If (1-65) or (1-66) are again violated set

.

NKS eÉ~í=qê~åëÑÉê=`çÉÑÑáÅáÉåíë

The heat transfer coefficients
 specified for the

2U, 1U, CXA and CXC configurations are related to
thermal resistance relationships . Due to the analogy
of Fourier’s law for heat flow and Ohm’s law for elec-
tric current flow simple formulations can be derived to
lump the effects of the BHE constituents into an effec-
tive coefficient representing the reciprocal of the sum
of the thermal resistances acting on their specific
exchange surfaces  between the different compo-
nents. 

x2U x1U

xnew
2U,1U 2

3
---xold

2U,1U=

xnew
2U,1U 1

3
---xold

2U,1U=

xnew
2U,1U 0=

Φf ig Φfog Φ, gg1 Φgg2 Φff Φgg Φgs, , , , ,

R

S

NKSKN Or=ÉñÅÜ~åÖÉê

(1-67)

NKSKO Nr=ÉñÅÜ~åÖÉê

(1-68)

Φfig
2U 1

Rfig
2U

---------  1
Si
----=

Φfog
2U 1

Rfog
2U

----------  1
So
-----=

Φgg1
2U 1

Rgg1
2U

-----------  1
Sg1
--------=

Φgg2
2U 1

Rgg2
2U

-----------  1
Sg2
--------=

Φgs
2U 1

Rgs
2U

---------  1
Sgs
-------=

Φfig
1U 1

Rfig
1U

---------  1
Si
----=

Φfog
1U 1

Rfog
1U

----------  1
So
-----=

Φgg
1U 1

Rgg
1U

---------  1
Sg1
--------=

Φgs
1U 1

Rgs
1U

---------  1
Sgs
-------=



NKT=rëÉêJëéÉÅáÑáÉÇ=qÜÉêã~ä=oÉëáëí~åÅÉë
NKSKP `u^=ÉñÅÜ~åÖÉê

(1-69)

Φf ig
CXA 1

Rfig
CXA

-------------  1
Si
----=

Φf f
CXA 1

Rff
CXA

-------------  1
Sio
-------=

Φgs
CXA 1

Rgs
CXA

-------------  1
Sgs
-------=
NKSKQ `u`=ÉñÅÜ~åÖÉê

(1-70)

where the specific exchange surfaces  are given as
follows

Φfog
CXC 1

Rfog
CXC

-------------  1
So
-----=

Φf f
CXC 1

Rff
CXC

-------------  1
Sio
-------=

Φgs
CXC 1

Rgs
CXC

-------------  1
Sgs
-------=

S

(1-71)

2U 1U CXA CXC

-

-

- -

- -

- - -

Si πdi1 i2,
i πdi1

i πdi1
i

So πdo1 o2,
i πdo1

i πdo1
i

Sio πdo1
i πdi1

i

Sg1
1
2
---D D

Sg2 D

Sgs
1
4
---πD 1

2
---πD πD πD
NKT rëÉêJëéÉÅáÑáÉÇ= qÜÉêã~ä
oÉëáëí~åÅÉë

From practical point of view it could be useful to
specify directly thermal resistances which have been
measured in the field. Such field-related thermal resis-
tances result for instance from Thermal Response
Tests18. In such cases the borehole thermal resistance

 and the internal borehole thermal resistance  are
determined according to the definition introduced by
Hellström13. With  and  the complete set of ther-
mal resistances and heat transfer relationships for the

Rb Ra

Rb Ra
cbcilt=ö=OR
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NK=cáåáíÉ=ÉäÉãÉåí=Ñçêãìä~íáçå=Ñçê=ÄçêÉÜçäÉ=ÜÉ~í=ÉñÅÜ~åÖÉêë=áå=ãçÇÉäáåÖ=ÖÉçíÜÉêã~ä
ÜÉ~íáåÖ=ëóëíÉãë=
Äó=cbcilt

BHE models can be determined in dependence on the
numerical (Al-Khoury et al.’s1,2) and analytical (Eskil-
son and Claesson’s12) solution strategies.

NKTKN kìãÉêáÅ~ä=_eb=ëçäìíáçå

NKTKNKN Or=ÉñÅÜ~åÖÉê

Defining

(1-72)

we replace (1-24) by

(1-73)

and (1-27) and (1-28) by

(1-74)

(1-75)

NKTKNKO Nr=ÉñÅÜ~åÖÉê

Defining

Radv
2U 1

4
--- Radvi1

2U Radvi2

2U Radvo1

2U Radvo2

2U+ + +( )=

Rcon
2U 1

4
--- R

coni1
a

2U R
coni2

a
2U R

cono1
a

2U R
cono2

a
2U+ + +⎝ ⎠

⎛ ⎞=
⎭
⎪
⎪
⎬
⎪
⎪
⎫

Rg
2U 4Rb Radv

2U Rcon
2U––=

Rar1
2U 2 2+( )Rg

2U Ra Radv
2U Rcon

2U––( )

Rg
2U Ra Radv

2U Rcon
2U––+

----------------------------------------------------------------------------=

Rar2
2U 2 Rar1

2U=
(1-76)

we replace (1-39) by

(1-77)

and (1-41) by

(1-78)

NKTKNKP `u^=ÉñÅÜ~åÖÉê

Replace (1-43a) by

(1-79)

and (1-52) by

, (1-80)

respectively.

NKTKNKQ `u`=ÉñÅÜ~åÖÉê

Replace (1-54a) by

(1-81)

and (1-63) by

, (1-82)

Radv
1U 1

2
--- Radvi1

1U Radvo1

1U+( )=

Rcon
1U 1

2
--- R

coni1
a

1U R
cono1

a
1U+⎝ ⎠

⎛ ⎞=
⎭
⎪
⎪
⎬
⎪
⎪
⎫

Rg
1U 2Rb Radv

1U Rcon
1U––=

Rar
1U Ra 2 Radv

1U Rcon
1U+( )–=

Rff
CXA Ra=

Rg
CXA Rb R

advi1
b

CXA– Rconi1

CXA–=

Rff
CXC Ra=

Rg
CXC Rb R

advo1
b

CXC– Rcono1

CXC–=



NKT=rëÉêJëéÉÅáÑáÉÇ=qÜÉêã~ä=oÉëáëí~åÅÉë
respectively.

NKTKO ^å~äóíáÅ~ä=_eb=ëçäìíáçå

NKTKOKN Or=ÉñÅÜ~åÖÉê

Replace (1-15a) and (1-15b) by

(1-83)

and (1-29) by

(1-84)

Furthermore, we replace (1-25) and (1-26) by

(1-85)

and

, (1-86)

respectively.

NKTKOKO Nr=ÉñÅÜ~åÖÉê

Replace (1-30a) and (1-30b) by

(1-87)

and (1-42) by

(1-88)

Rfig
2U 2Rb=

Rfog
2U 2Rb=

Rgs
2U 2Rb=

Rgg1
2U 8Rb Ra 2Rb–( )

4Rb Ra–
------------------------------------=

Rgg2
2U Rgg1

2U=

Rfig
1U Rb=

Rfog
1U Rb=

Rgs
1U Rb=
Furthermore, (1-40) is replaced by

(1-89)

NKTKOKP `u^=ÉñÅÜ~åÖÉê

Replace (1-43a) by

(1-90)

and (1-43b) by

(1-91)

as well as (1-53) by

(1-92)

NKTKOKQ `u`=ÉñÅÜ~åÖÉê

Replace (1-54a) by

(1-93)

and (1-54b) by

(1-94)

as well as (1-64) by

(1-95)

Rgg
1U 2Rb Ra 2Rb–( )

4Rb Ra–
------------------------------------=

Rff
CXA Ra=

Rfig
CXA Rb

2
------=

Rgs
CXA Rb

2
------=

Rff
CXC Ra=

Rfog
CXC Rb

2
------=

Rgs
CXC Rb

2
------=
cbcilt=ö=OT



OU=ö=tÜáíÉ=m~éÉêë=J=sçäK=s

NK=cáåáíÉ=ÉäÉãÉåí=Ñçêãìä~íáçå=Ñçê=ÄçêÉÜçäÉ=ÜÉ~í=ÉñÅÜ~åÖÉêë=áå=ãçÇÉäáåÖ=ÖÉçíÜÉêã~ä
ÜÉ~íáåÖ=ëóëíÉãë=
Äó=cbcilt

NKU cáåáíÉ= bäÉãÉåí= aáëÅêÉíáò~J
íáçå=çÑ=íÜÉ=içÅ~ä=mêçÄäÉã

NKUKN tÉ~â=ëí~íÉãÉåíë

NKUKNKN Or=ÉñÅÜ~åÖÉê

We start with the more general 2U heat transport
equations (1-10a) to (1-10h), which will be discretized
by finite elements. Introducing the spatial weighting
function  the following integral formulations holdw
(1-96a)

(1-96b)

(1-96c)

(1-96d)

(1-96e)

(1-96f)

wρrcr ∂Ti1
∂t

---------- u ∇Ti1⋅+⎝ ⎠
⎛ ⎞ ∇w Lr ∇Ti1⋅( )⋅+ Ω wΦf ig

2UTi1 Γd
Γi1

∫+d
Ωi1

∫ wΦfig
2UTg1 Γ wHi1 Ωd

Ωi1

∫+d
Γi1

∫=

wρrcr ∂Ti2
∂t

---------- u ∇Ti2⋅+⎝ ⎠
⎛ ⎞ ∇w Lr ∇Ti2⋅( )⋅+ Ω wΦf ig

2UTi2 Γd
Γi2

∫+d
Ωi2

∫ wΦfig
2UTg2 Γ wHi2 Ωd

Ωi2

∫+d
Γi2

∫=

wρrcr ∂To1
∂t

----------- u ∇To1⋅+⎝ ⎠
⎛ ⎞ ∇w Lr ∇To1⋅( )⋅+ Ω wΦfog

2U To1 Γd
Γo1

∫+d
Ωo1

∫ wΦfog
2U Tg3 Γ wHo1 Ωd

Ωo1

∫+d
Γo1

∫=

wρrcr ∂To2
∂t

----------- u ∇To2⋅+⎝ ⎠
⎛ ⎞ ∇w Lr ∇To2⋅( )⋅+ Ω wΦfog

2U To2 Γd
Γo2

∫+d
Ωo2

∫ wΦfog
2U Tg4 Γ wHo2 Ωd

Ωo2

∫+d
Γo2

∫=

wεgρ
gcg∂Tg1

∂t
----------- ∇w εgλ

g∇Tg1( )⋅+ Ω w Φgs
2U Φf ig

2U Φgg2
2U+ 2Φgg1

2U+ +( )Tg1 Γd
Γg1

∫+d
Ωg1

∫

w Φgs
2UTs Φfig

2UTi1 Φgg2
2U+ Tg2 Φgg1

2U Tg3 Φgg1
2U Tg4+ + +( ) Γ wHg1 Ωd

Ωg1

∫+d
Γg1

∫=

wεgρ
gcg∂Tg2

∂t
----------- ∇w εgλ

g∇Tg2( )⋅+ Ω w Φgs
2U Φf ig

2U Φgg2
2U+ 2Φgg1

2U+ +( )Tg2 Γd
Γg2

∫+d
Ωg2

∫

w Φgs
2UTs Φfig

2UTi2 Φgg2
2U+ Tg1 Φgg1

2U Tg3 Φgg1
2U Tg4+ + +( ) Γ wHg2 Ωd

Ωg2

∫+d
Γg2

∫=



NKU=cáåáíÉ=bäÉãÉåí=aáëÅêÉíáò~íáçå=çÑ=íÜÉ=içÅ~ä=mêçÄäÉã
vant. We obtain

(1-96g)

(1-96h)

wεgρ
gcg∂Tg3

∂t
----------- ∇w εgλ

g∇Tg3( )⋅+ Ω w Φgs
2U Φfog

2U Φgg2
2U+ 2Φgg1

2U+ +( )Tg3 Γd
Γg3

∫+d
Ωg3

∫

w Φgs
2UTs Φfog

2U To1 Φgg2
2U+ Tg4 Φgg1

2U Tg1 Φgg1
2U Tg2+ + +( ) Γ wHg3 Ωd

Ωg3

∫+d
Γg3

∫=

wεgρ
gcg∂Tg4

∂t
----------- ∇w εgλ

g∇Tg4( )⋅+ Ω w Φgs
2U Φfog

2U Φgg2
2U+ 2Φgg1

2U+ +( )Tg4 Γd
Γg4

∫+d
Ωg4

∫

w Φgs
2UTs Φfog

2U To2 Φgg2
2U+ Tg3 Φgg1

2U Tg1 Φgg1
2U Tg2+ + +( ) Γ wHg4 Ωd

Ωg4

∫+d
Γg4

∫=
NKUKNKO Nr=ÉñÅÜ~åÖÉê

For the 1U exchanger configuration the equations
(1-96b), (1-96d), (1-96g) and (1-96h) become irrele-
(1-97a)

(1-97b)

(1-97c)

(1-97d)

wρrcr ∂Ti1
∂t

---------- u ∇Ti1⋅+⎝ ⎠
⎛ ⎞ ∇w Lr ∇Ti1⋅( )⋅+ Ω wΦf ig

1UTi1 Γd
Γi1

∫+d
Ωi1

∫ wΦfig
1UTg1 Γ wHi1 Ωd

Ωi1

∫+d
Γi1

∫=

wρrcr ∂To1
∂t

----------- u ∇To1⋅+⎝ ⎠
⎛ ⎞ ∇w Lr ∇To1⋅( )⋅+ Ω wΦfog

1U To1 Γd
Γo1

∫+d
Ωo1

∫ wΦfog
1U Tg2 Γ wHo1 Ωd

Ωo1

∫+d
Γo1

∫=

wεgρ
gcg∂Tg1

∂t
----------- ∇w εgλ

g∇Tg1( )⋅+ Ω w Φgs
1U Φf ig

1U Φgg
1U++( )Tg1 Γd

Γg1

∫+d
Ωg1

∫

w Φgs
1UTs Φfig

1UTi1 Φgg
1U+ Tg2+( ) Γ wHg1 Ωd

Ωg1

∫+d
Γg1

∫=

wεgρ
gcg∂Tg2

∂t
----------- ∇w εgλ

g∇Tg2( )⋅+ Ω w Φgs
1U Φfog

1U Φgg
1U++( )Tg2 Γd

Γg2

∫+d
Ωg2

∫

w Φgs
1UTs Φfog

1U To1 Φgg
1U+ Tg1+( ) Γ wHg2 Ωd

Ωg2

∫+d
Γg2

∫=
cbcilt=ö=OV
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NKUKNKP `u^=ÉñÅÜ~åÖÉê

The formulations for the coaxial pipe configurations
are more specific. They read for the CXA type
(1-98a)

(1-98b)

(1-98c)

wρrcr ∂Ti1
∂t

---------- u ∇Ti1⋅+⎝ ⎠
⎛ ⎞ ∇w Lr ∇Ti1⋅( )⋅+ Ω w Φfig

CXA Φff
CXA+( )Ti1 Γd

Γi1

∫+d
Ωi1

∫

w Φfig
CXATg1 Φf f

CXATo1+( ) Γ wHi1 Ωd
Ωi1

∫+d
Γi1

∫=

wρrcr ∂To1
∂t

----------- u ∇To1⋅+⎝ ⎠
⎛ ⎞ ∇w Lr ∇To1⋅( )⋅+ Ω wΦff

CXATo1 Γd
Γo1

∫+d
Ωo1

∫

wΦff
CXATi1 Γ wHo1 Ωd

Ωo1

∫+d
Γo1

∫=

wεgρ
gcg∂Tg1

∂t
----------- ∇w εgλ

g∇Tg1( )⋅+ Ω w Φgs
CXA Φfig

CXA+( )Tg1 Γd
Γg1

∫+d
Ωg1

∫

w Φgs
CXATs Φfig

CXATi1+( ) Γ wHg1 Ωd
Ωg1

∫+d
Γg1

∫=
NKUKNKQ `u`=ÉñÅÜ~åÖÉê

The formulations for the CXC type read
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(1-99a)

(1-99b)

(1-99c)

wρrcr ∂Ti1
∂t

---------- u ∇Ti1⋅+⎝ ⎠
⎛ ⎞ ∇w Lr ∇Ti1⋅( )⋅+ Ω wΦf f

CXCTi1 Γd
Γi1

∫+d
Ωi1

∫

w Φff
CXCTo1( ) Γ wHi1 Ωd

Ωi1

∫+d
Γi1

∫=

wρrcr ∂To1
∂t

----------- u ∇To1⋅+⎝ ⎠
⎛ ⎞ ∇w Lr ∇To1⋅( )⋅+ Ω w Φfog

CXC Φff
CXC+( )To1 Γd

Γo1

∫+d
Ωo1

∫

w Φfog
CXCTg1 Φf f

CXCTi1+( ) Γ wHo1 Ωd
Ωo1

∫+d
Γo1

∫=

wεgρ
gcg∂Tg1

∂t
----------- ∇w εgλ

g∇Tg1( )⋅+ Ω w Φgs
CXC Φfog

CXC+( )Tg1 Γd
Γg1

∫+d
Ωg1

∫

w Φgs
CXCTs Φfog

CXCTo1+( ) Γ wHg1 Ωd
Ωg1

∫+d
Γg1

∫=
NKUKO pé~íá~ä=ÇáëÅêÉíáò~íáçå
Using the Galerkin-based finite element method

(FEM), where the test function  becomes identical tow
the trial space , equations (1-96a) to (1-99c) lead to
the following generalized matrix system

N

(1-100)

O T· D T⋅+⋅ F=

Oi 0 0 0 0 0 0 0
0 Oi 0 0 0 0 0 0
0 0 Oo 0 0 0 0 0
0 0 0 Oo 0 0 0 0
0 0 0 0 Og1 0 0 0
0 0 0 0 0 Og2 0 0
0 0 0 0 0 0 Og3 0
0 0 0 0 0 0 0 Og4

Ti1
·

Ti2
·

To1
·

To2
·

Tg1
·

Tg2
·

Tg3
·

Tg4
·⎩ ⎭

⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎧ ⎫

⋅

Ki1 0 Rio 0 Ri 0 0 0
0 Ki2 0 0 0 Ri 0 0

Rio 0 Ko1 0 0 0 Ro 0
0 0 0 Ko2 0 0 0 Ro

Ri 0 0 0 Kig Rg2 Rg1 Rg1

0 Ri 0 0 Rg2 Kig Rg1 Rg1

0 0 Ro 0 Rg1 Rg1 Kog Rg2

0 0 0 Ro Rg1 Rg1 Rg2 Kog

Ti1

Ti2

To1

To2

Tg1

Tg2

Tg3

Tg4⎩ ⎭
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎧ ⎫

⋅+

Fi1

Fi2

Fo1

Fo2

Fg1 Rs Ts⋅–

Fg2 Rs Ts⋅–

Fg3 Rs Ts⋅–

Fg4 Rs Ts⋅–⎩ ⎭
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎧ ⎫

=

cbcilt=ö=PN
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with

(1-101a)

(1-101b)

(1-101c)

(1-101d)

Oi ρrcrN
T
N Ωd

Ωi1 i2,
e
∫

e
∑=

Oo ρrcrN
T
N Ωd

Ωo1 o2,
e
∫

e
∑=

Ogi εgρ
gcgN

T
N Ω      i 1 … G, ,=( )d

Ωgi
e
∫

e
∑=

Ki1 Ci Ri– Rio–=

Ki2 Ci Ri–=

Ko1 Co Ro– Rio–=

Ko2 Co Ro–=

Kig Gi Ri– 2Rg1 Rg2– Rs––=

Kog Go Ro– 2Rg1 Rg2– Rs––=

Ci ρrcru N⋅
T
∇N Lr ∇N⋅

T
∇N+( ) Ωd

Ωi1 i2,
e
∫

e
∑=

Co ρrcru N⋅
T
∇N Lr ∇N⋅

T
∇N+( ) Ωd

Ωo1 o2,
e
∫

e
∑=

Gi εgλ
g∇N

T
∇N( ) Ωd

Ωg1 g2,
e
∫

e
∑=

Go εgλ
g∇N

T
∇N( ) Ωd

Ωg3 g4,
e
∫

e
∑=
(1-101e)

and

Fi1 Hi1NT Ωd

Ωi1
e
∫

e
∑=

Fi2 Hi2NT Ωd

Ωi2
e
∫

e
∑=

Fo1 Ho1NT Ωd

Ωo1
e
∫

e
∑=

Fo2 Ho2NT Ωd

Ωo2
e
∫

e
∑=

Fg1 Hg1NT Ωd

Ωg1
e
∫

e
∑=

Fg2 Hg2NT Ωd

Ωg2
e
∫

e
∑=

Fg3 Hg3NT Ωd

Ωg3
e
∫

e
∑=

Fg4 Hg4NT Ωd

Ωg4
e
∫

e
∑=



NKU=cáåáíÉ=bäÉãÉåí=aáëÅêÉíáò~íáçå=çÑ=íÜÉ=içÅ~ä=mêçÄäÉã
The symbolic  denotes the domain and lent to modifying the thermal dispersion tensor (1-11)

(1-101f)

2U 1U CXA CXC

Ri Φfig
2UNTN Γd

Γi1 i2,
e

∫
e
∑– Φf ig

1UNTN Γd
Γi1

e

∫
e
∑– Φf ig

CXANTN Γd
Γi1

e

∫
e
∑– 0

Ro Φfog
2U NTN Γd

Γo1 o2,
e

∫
e
∑– Φfog

1U NTN Γd
Γo1

e

∫
e
∑– 0 Φfog

CXCNTN Γd
Γo1

e

∫
e
∑–

Rio 0 0 Φf f
CXANTN Γd

Γo1
e

∫
e
∑– Φf f

CXCNTN Γd
Γi1

e

∫
e
∑–

Rg1 Φgg1
2U NTN Γd

Γg1 g2 g3 g4,,,
e

∫
e
∑– Φgg

1UNTN Γd
Γg1 g2,

e

∫
e
∑– 0 0

Rg2 Φgg2
2U NTN Γd

Γg1 g2 g3 g4,,,
e

∫
e
∑– 0 0 0

Rs Φgs
2UNTN Γd

Γg1 g2 g3 g4,,,
e

∫
e
∑– Φgs

1UNTN Γd
Γg1 g2,

e

∫
e
∑– Φgs

CXANTN Γd
Γg1

e

∫
e
∑– Φgs

CXCNTN Γd
Γg1

e

∫
e
∑–

Ωe Γe,

surface of pipe(s)-in,  for pipe(s)-out and

 for the grout zones of finite ele-
ment . Analytical (explicit) integration of the matri-
ces of (1-101a) to (1-101f) is given in Appendix A.

NKUKP píêÉ~ãäáåÉ=ìéïáåÇ=ëÅÜÉãÉ
If the advective part in the heat transport equations

of the BHE pipes becomes dominant, wiggles in the
solutions can occur and the spatial discretization with
the standard methods (Galerkin-FEM) is insufficient. A
common technique is the streamline upwind scheme,
which introduces a balancing diffusivity to produce sta-
bilized wiggle-free (smooth) solutions11. It is equiva-

i1 i2, i1 i2,
Ωo1 o2,

e Γo1 o2,
e,

Ωgi
e Γgi

e   i 1 … G, ,=( ),
e

for the refrigerant in the 1D pipes according to

(1-102)

with a numerical thermo-dispersivity 
derived for linear finite elements, where  corresponds
to the length of the 1D pipe element and  rep-
resents an upwind parameter which can be taken with

 for the Galerkin-FEM and with  for the
streamline upwind scheme.

Lr λr ρrcr αL αL
num+( ) u+[ ]I=

αL
num κL 2⁄=

L
κ 0 1,( )∈

κ 0= κ 1=
cbcilt=ö=PP
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NKUKQ qÉãéçê~ä=ÇáëÅêÉíáò~íáçå

NKUKQKN θJãÉíÜçÇ

Introducing a weighting coefficient ,
common time stepping schemes result if choosing  in
an appropriate manner, viz.,

0 θ 1≤ ≤( )
θ

(1-103)

The -method results the following matrix system
from 

θ 0             explicit scheme=
θ 1 2        trapezoid rule (Crank-Nicolson scheme)⁄=
θ 1             implicit scheme=

θ

(1-104a)O
Δtn
-------- Dθ+⎝ ⎠
⎛ ⎞Tn 1+ O

Δtn
-------- D 1 θ–( )–⎝ ⎠
⎛ ⎞Tn Fn 1+ θ Fn 1 θ–( )+( )+=
with



NKU=cáåáíÉ=bäÉãÉåí=aáëÅêÉíáò~íáçå=çÑ=íÜÉ=içÅ~ä=mêçÄäÉã
(1-104b)

Oi

Δtn
-------- Ki1θ+ 0 Rioθ 0 Riθ 0 0 0

0
Oi

Δtn
-------- Ki2θ+ 0 0 0 Riθ 0 0

Rioθ 0
Oo

Δtn
-------- Ko1θ+ 0 0 0 Roθ 0

0 0 0
Oo

Δtn
-------- Ko2θ+ 0 0 0 Roθ

Riθ 0 0 0
Og1

Δtn
-------- Kigθ+ Rg2θ Rg1θ Rg1θ

0 Riθ 0 0 Rg2θ
Og2

Δtn
-------- Kigθ+ Rg1θ Rg1θ

0 0 Roθ 0 Rg1θ Rg1θ
Og3

Δtn
-------- Kogθ+ Rg2θ

0 0 0 Roθ Rg1θ Rg1θ Rg2θ
Og4

Δtn
-------- Kogθ+

Ti1

Ti2

To1

To2

Tg1

Tg2

Tg3

Tg4⎩ ⎭
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎧ ⎫

n 1+

⋅

 

Oi

Δtn
-------- Ki1 1 θ–( )– 0 R– io 1 θ–( ) 0 R– i 1 θ–( ) 0 0 0

0
Oi

Δtn
-------- Ki2 1 θ–( )– 0 0 0 R– i 1 θ–( ) 0 0

R– io 1 θ–( ) 0
Oo

Δtn
-------- Ko1 1 θ–( )– 0 0 0 R– o 1 θ–( ) 0

0 0 0
Oo

Δtn
-------- Ko2 1 θ–( )– 0 0 0 R– o 1 θ–( )

R– i 1 θ–( ) 0 0 0
Og1

Δtn
-------- Kig 1 θ–( )– R– g2 1 θ–( ) R– g1 1 θ–( ) R– g1 1 θ–( )

0 R– i 1 θ–( ) 0 0 R– g2 1 θ–( )
Og2

Δtn
-------- Kig 1 θ–( )– R– g1 1 θ–( ) R– g1 1 θ–( )

0 0 R– o 1 θ–( ) 0 R– g1 1 θ–( ) R– g1 1 θ–( )
Og3

Δtn
-------- Kog 1 θ–( )– R– g2 1 θ–( )

0 0 0 R– o 1 θ–( ) R– g1 1 θ–( ) R– g1 1 θ–( ) R– g2 1 θ–( )
Og4

Δtn
-------- Kog 1 θ–( )–

Ti1

Ti2

To1

To2

Tg1

Tg2

Tg3

Tg4⎩ ⎭
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎧ ⎫

n

 +⋅=

θ

Fi1

Fi2

Fo1

Fo2

Fg1

Fg2

Fg3

Fg4⎩ ⎭
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎧ ⎫

n 1+

1 θ–( )

Fi1

Fi2

Fo1

Fo2

Fg1

Fg2

Fg3

Fg4⎩ ⎭
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎧ ⎫

n
0
0
0
0

Rs Ts⋅

Rs Ts⋅

Rs Ts⋅

Rs Ts⋅
⎩ ⎭
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎧ ⎫

n 1+

–+
cbcilt=ö=PR
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where the subscript n denotes the time plane and  is
a variable time step length.

NKUKQKO mêÉÇáÅíçêJÅçêêÉÅíçê=ãÉíÜçÇ

For the fully implicit backward Euler (BE) scheme

Δtn
 with a first-order accuracy and the semi-implicit non-
dissipative trapezoid rule (TR) one yields from (1-100)
with  for the TR and BE scheme, respec- tively.

(1-105a)

(1-105b)

O
θΔtn
----------- D+⎝ ⎠
⎛ ⎞Tn 1+ O Tn

θΔtn
----------- 1

θ
--- 1–⎝ ⎠
⎛ ⎞T·

n
+ Fn 1++=

Oi

θΔtn
----------- Ki1+ 0 Rio 0 Ri 0 0 0

0
Oi

θΔtn
----------- Ki2+ 0 0 0 Ri 0 0

Rio 0
Oo

Δtn
-------- Ko1+ 0 0 0 Ro 0

0 0 0
Oo

θΔtn
----------- Ko2+ 0 0 0 Ro

Ri 0 0 0
Og1

θΔ tn
----------- Kig+ Rg2 Rg1 Rg1

0 Ri 0 0 Rg2
Og2

θΔ tn
----------- Kig+ Rg1 Rg1

0 0 Ro 0 Rg1 Rg1
Og3

θΔtn
----------- Kog+ Rg2

0 0 0 Ro Rg1 Rg1 Rg2
Og4

θΔtn
----------- Kog+

Ti1

Ti2

To1

To2

Tg1

Tg2

Tg3

Tg4⎩ ⎭
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎧ ⎫

n 1+

⋅

 

Oi

Δtn
-------- 0 0 0 0 0 0 0

0
Oi

Δtn
-------- 0 0 0 0 0 0

0 0
Oo

Δtn
-------- 0 0 0 0 0

0 0 0
Oo

Δtn
-------- 0 0 0 0

0 0 0 0
Og1

Δtn
-------- 0 0 0

0 0 0 0 0
Og2

Δtn
-------- 0 0

0 0 0 0 0 0
Og3

Δtn
-------- 0

0 0 0 0 0 0 0
Og4

Δtn
--------

1
θΔtn
-----------

Ti1

Ti2

To1

To2

Tg1

Tg2

Tg3

Tg4⎩ ⎭
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎧ ⎫

n

1
θ
--- 1–⎝ ⎠
⎛ ⎞

Ti1
·

Ti2
·

To1
·

To2
·

Tg1
·

Tg2
·

Tg3
·

Tg4
·⎩ ⎭

⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎧ ⎫

n

+

Fi1

Fi2

Fo1

Fo2

Fg1

Fg2

Fg3

Fg4⎩ ⎭
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎧ ⎫

n 1+
0
0
0
0

Rs Ts⋅

Rs Ts⋅

Rs Ts⋅

Rs Ts⋅
⎩ ⎭
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎪ ⎪
⎧ ⎫

n 1+

–+⋅=

θ 1--- 1,( )∈
 2



NKV=^å~äóíáÅ~ä=pçäìíáçå=çÑ=íÜÉ=içÅ~ä=mêçÄäÉã
NKV ^å~äóíáÅ~ä=pçäìíáçå=çÑ=íÜÉ
içÅ~ä=mêçÄäÉã

NKVKN içÅ~ä= ëíÉ~ÇóJëí~íÉ= ÅçåÇáíáçå
ïáíÜ= ÖáîÉå= íÉãéÉê~íìêÉ= ~í
ÄçêÉÜçäÉ=ï~ää

The present analytical solution is only valid for
local steady-state heat transport and given temperature

 at borehole wall. It was firstly derived by
Eskilson and Claesson12 for heat transfer between two
pipes and the borehole wall. We extend the analytical
method to CXA, CXC, 1U and 2U configurations of
BHE. The local steady-state heat balance equations for
fluid in pipe-in and pipe-out read

 (1-106)

which have to be solved for the pipe(s)-in temperature
 and pipe(s)-out temperature . In (1-106)

the vertical heat conductivity in the pipes is neglected.
It is further assumed that the inner cross-sectional area
of pipe-in and pipe-out is equal . The
local steady-state condition limits the application of (1-

Ts Ts z t,( )=

Aiρ
r

– cru ∇zTi1( )
Ti1 Ts–

R1
Δ

------------------
Ti1 To1–

R12
Δ

----------------------+=

Aiρ
r
cru ∇zTo1( )

To1 Ts–

R2
Δ

-------------------
To1 Ti1–

R12
Δ

----------------------+=

Ti1 z( ) To1 z( )

Ai Ai
i Ao

i= =
106) to a time scale larger than12

(1-107)

The time for the refrigerant to circulate through the
borehole is . Accordingly, equations (1-106)
can only describe transient input variations of inlet
temperature and pumping rate on a time scale larger
than12

(1-108)

The specific thermal flux  exchanging heat of
the borehole with the adjacent soil s is given from (1-
106) according to

(1-109)

NKVKO bëâáäëçå=~åÇ=`ä~ÉëëçåÛë=~å~äóíáJ
Å~ä=_eb=ëçäìíáçå

The coupled equations (1-106) can be solved by
using Laplace transforms12. It yields

t tlimit
steady> 5

4
---D2 ερfcf 1 ε–( )ρscs+

ελf 1 ε–( )λs+
----------------------------------------------
⎝ ⎠
⎜ ⎟
⎛ ⎞

=

2AiL Qr⁄

t tlimit
steady> Ai2L

Qr
------+

ϕ z t,( )

ϕ z t,( )
Ts Ti1–

R1
Δ

------------------
Ts To1–

R2
Δ

-------------------+=
(1-110)

Ti1 z t,( ) Ti1 0 t,( )f1 z( ) To1 0 t,( )f2 z( ) Ts ξ t,( )f4 z ξ–( ) ξd
0

z

∫+ +=

To1 z t,( ) T– i1 0 t,( )f2 z( ) To1 0 t,( )f3 z( ) Ts ξ t,( )f5 z ξ–( ) ξd
0

z

∫–+=

0 z L≤ ≤( )
cbcilt=ö=PT
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The functions  are given by the expressionsf1 f2 … f5, , ,
(1-111)

where

(1-112)

f1 z( ) eβz cosh γz( ) δsinh γz( )–[ ]=
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--------------+⎝ ⎠
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The following boundary conditions are applied

(1-113)

where  represents the inlet temperature. Using (1-
113) in (1-111) and (1-112) the outlet temperature

 is given as

(1-114)

Ti1 0 t,( ) Ti t( )=

Ti1 L t,( ) To1 L t,( )=

Ti t( )

To t( )

To t( ) To1 0 t,( )=
NKVKP pçäìíáçå=Ñçê=Nr=~åÇ=Or=ÅçåÑáÖìJ
ê~íáçåë

It is assumed that the pipes are arranged symmetri-
cally within the borehole. Accordingly, there is

(1-115)

so that

R2
Δ R1

Δ=
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ξ)) a
b

ξ)) a
b

(1-116)

Hence, (1-111) simplifies

(1-117)

In using (1-113) the equations (1-110) can be equalized
at  and solved for the outlet temperature ,
viz.,

(1-118)
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z L= To t( )

To t( ) Ti t( )
f1 L( ) f2 L( )+

f3 L( ) f2 L( )–
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Ts ξ t,( ) f4 L ξ–( ) f5 L ξ–( )+[ ]
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------------------------------------------------------------------------- ξd

0

L

∫

+=
With known inlet temperature  from the boundary
condition (1-113) and outlet temperature  from (1-
118) the temperature distributions  and  as a
function of  and  are obtained after evaluating the
integrals in (1-110). It yields1)

(1-119)

The integrals in (1-119) are performed elementwise,
where the solid temperature  at the borehole wall is
numerically approximated as a linear function from the
nodal finite element solution at time t. For example

(1-120)

where  represent the vertical coordinates of the
lower and upper nodes, respectively, of element e.

1) The integrals of functions  and  result for 1U 
and 2U configurations

Ti t( )
To

Ti1 To1
z t

f4 z ξ–( ) f5 z ξ–( )

F4 z a b, ,( ) f4 z ξ–( ) ξd
a

b

∫
β1
γ

-----– sinh γ z ξ–( )( ) a
b δβ1

γ
---------

β2β12

γ2
-------------+⎝ ⎠

⎛ ⎞ cosh γ z –((+= =
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The temperature distribution for the grout zones
 and  can be derived for the 1U con-Tg1 z t,( ) Tg2 z t,( )
figuration
with

(1-121)

with

(1-122)

The grout distributions for 2U configurations give

(1-123)
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(1-124)

The thermal resistances  and  are given by

u2
2

Rfig
2U

--------- 2
Rgs

2U
--------- 1

v
---+ +=

v
Rgg1

2U Rgg2
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(1-125)
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      for 1U pipes
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(1-126)
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For coaxial BHE pipes with annular inlet there is

(1-127)

so that

(1-128)

Hence, (1-111) simplifies
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(1-129)

The outlet temperature  is determined by

(1-130)

and the temperature distributions  and 
are obtained from the integral expressions2)

(1-131)

2) The integrals of functions  and  result for the 
CXA configuration
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The temperature distribution for the grout zone
 yields

(1-132)

The thermal resistances  and  are given by

(1-133)

NKVKR pçäìíáçå=Ñçê=`u`=ÅçåÑáÖìê~íáçå
For coaxial BHE pipes with centred inlet there is

(1-134)

so that
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Hence, (1-111) simplifies

(1-136)

The outlet temperature  is determined by

(1-137)
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and the temperature distributions  and 
are obtained from the integral expressions3)

(1-138)

The temperature distribution for the grout zone
 yields

(1-139)

The thermal resistances  and  are given by

(1-140)

3) The integrals of functions  and  result for the 
CXC configuration
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The aquifer system is discretized in FEFLOW by

3D prismatic finite elements, where the BHE systems
are modeled by vertical boreholes. Each borehole is
discretized by a number of K nodes, which are linked to
the 1D pipe elements as exemplified in Fig. 1.6 for a
2U exchanger borehole. The K nodes represent inner
boundary nodes of the soil s. The Cauchy-type BC (1-
9) requires the solution of the grout temperatures

 at the K nodes, which is obtained by
solving the local matrix system consisting of K*DOF
equations (DOF = 8 for 2U DOF = 4 for 1U and DOF =
3 for CXA and CXC), cf. Appendix B.

For the soil temperatures  the spa-
tio-temporal finite element discretization leads to a
matrix system of the following form:

(1-141)

with

(1-142)

sh γ z ξ–( )( ) a
b

) a
b δβ γ–( )sinh γ z ξ–( )( ) a

b+ ]

Tgi i 1 … G, ,=( )

Ts
n 1+ Ts tn 1+( )=

As[ ] Ts{ }n 1+⋅ Bs{ }n 1+ Rs[ ]
i 1=

G

∑ Tgi{ }n 1+⋅–=

As[ ] As∗[ ] G Rs[ ]–=
cbcilt=ö=QP
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where  is the soil matrix without the soil-grout
transfer condition. Denoting by  the number of soil 
nodes, the matrix has the space . In (1-
141) the grout temperatures  on the

As∗[ ]
N s

As[ ] ℜN N×∈
Tgi i 1 … G, ,=( )
RHS results from the heat transfer boundary condition
(1-9), which is unknown at first. The overall matrix
equation system can be written as
(1-143)

Ai1 0 Rio 0 Ri 0 0 0

0 Ai2 0 0 0 Ri 0 0

Rio 0 Ao1 0 0 0 Ro 0

0 0 0 Ao2 0 0 0 Ro

Ri 0 0 0 Aig Rg2 Rg1 Rg1

0 Ri 0 0 Rg2 Aig Rg1 Rg1

0 0 Ro 0 Rg1 Rg1 Aog Rg2

0 0 0 Ro Rg1 Rg1 Rg2 Aog
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⎪ ⎪
⎪ ⎪
⎪ ⎪
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⎪ ⎪
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⎪ ⎪
⎪ ⎪
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Figure 1.6 Discretized 2U exchanger borehole.
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Both matrix systems (1-141) and  can be combined
(1-144)

and expressed in a compact form

(1-145)

where
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(1-146)

Apipe K*DOF K*DOF×( )

Ai1 0 Rio 0 Ri 0 0 0
0 Ai2 0 0 0 Ri 0 0

Rio 0 Ao1 0 0 0 Ro 0
0 0 0 Ao2 0 0 0 Ro
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T
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For the solution of the complete equation system (1-
145) a static condensation strategy (also known as sub-
structuring technique22 frequently used in finite-ele-
ment structural engineering) is preferred, where the
internal pipe variables  can be eliminated from
(1-145). The first row of the matrix system (1-145)
reads

Tpipe
n 1+
(1-147)

It yields

(1-148)

Apipe Tpipe Rps Ts⋅+⋅ Bpipe=

Tpipe
n 1+ Apipe

1– Bpipe
n 1+ Rps Ts

n 1+⋅–( )⋅=
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Taking the second row of (1-145) the temperature
vector of the pipe  can be eliminated by using (1-
148). It finally gives a reduced equation system of the
following form

(1-149)

or

(1-150)

for solving only the soil temperature  at the new
time stage , where the modified matrix

 represents the Schur
complement3. Note that  is a local

 matrix, which is commonly not large
 (K < 1000, DOF = 8 for 2U, DOF = 4 for 1U

Tpipe
n 1+

As Rps
T Apipe

1– Rps⋅( )⋅–[ ] Ts
n 1+⋅ Bs

n 1+

Rps
T Apipe

1– Bpipe
n 1+⋅( )⋅

–=

As Aps–( ) Ts
n 1+⋅ Bs

n 1+ Bps
n 1+–=

Aps Rps
T Apipe

1– Rps⋅( )⋅=

Bps
n 1+ Rps

T Apipe
1– Bpipe

n 1+⋅( )⋅= ⎭
⎪
⎪
⎬
⎪
⎪
⎫

Ts
n 1+

n 1+
As Aps–( ) As∗ GRs– Aps–( )=

Apipe
K*DOF K*DOF×
K N«
and DOF = 3 for CXA and CXC). Accordingly, the
inverse  can be easily computed by a direct Gaus-
sian matrix solution for each pipe. If  is solved
from (1-149) the internal temperatures  for each
exchanger can be simply recomputed from (1-148).

Using (1-150) and (1-148) a direct and non-sequen-
tial solution of complete temperature field for the soil
and the pipe, , , appears possible. Basically,
there is no need for an iterative solution of the coupled
system (1-144), which is superior to the strictly itera-
tive sequential strategy as used by Al-Khoury et al.1,2.
However, the condensed matrix system (1-150) in form
of the Schur complement  has been shown
frequently very stiff, particularly when the heat transfer
coefficients dominate above thermal conduction and
advection of the global system. In such cases numerical
roundoff errors can distort the solution and balance
errors occur in long-term or steady-state simulations.
To prevent these harmful effects the solution of the
severely ill-conditioned matrix system (1-150) is com-
bined with an iterative correction strategy as follows:

Apipe
1–

Ts
n 1+

Tpipe
n 1+

Ts
n 1+ Tpipe

n 1+

As Aps–( )
were  corresponds to an iteration counter. At each known  the global soil matrix system (second

(1-151)

starting solution τ 0:=
 As Aps–( ) Ts

n 1+( ) τ,⋅ Bs
n 1+ Bps

n 1+–=

Tpipe
n 1+( ) τ, Apipe

1– Bpipe
n 1+ Rps Ts

n 1+( ) τ,⋅–( )⋅=
⎩
⎪
⎨
⎪
⎧

iterative correction τ 1:+
As∗ GRs–( ) Ts

n 1+( ) τ 1+( ),⋅ Bs
n 1+ Rps

T Tpipe
n 1+( ) τ,⋅–=

Tpipe
n 1+( ) τ 1+( ), Apipe

1– Bpipe
n 1+ Rps Ts

n 1+( ) τ 1+( ),⋅–( )⋅=
⎩
⎪
⎨
⎪
⎧

τ T n 1+( ) τ,
time level we start with the Schur complement solu-
tion. It results the soil temperature  and the
pipe temperature  at initial state . With

Ts
n 1+( ) τ,

Tpipe
n 1+( ) τ, τ 0=
row of matrix system (1-145)) is solved to find the new
iterate for temperatures of soil  and
accordingly of pipe . The iteration  in (1-

pipe

Ts
n 1+( ) τ 1+( ),

Tpipe
n 1+( ) τ 1+( ), τ
cbcilt=ö=QT
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151) is repeated until a satisfactory convergence is
achieved, such as

(1-152)

where  can be used as a RMS  or maxi-
mum  error norm9 and  is a user-specified
dimensionless error tolerance. Usually, only one itera-
tion is required in transient simulations if the time step
length  is chosen appropriately small. This is effec-
tively controlled by using the adaptive time stepping
strategy combined with predictor-corrector schemes as
described above.
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For the soil temperatures  the spa-

tio-temporal finite element discretization is taken in the
following form:

(1-153)

where with (1-109) a BHE-related diagonal resistance

Tpipe
n 1+( ) τ 1+( ), Tpipe

n 1+( ) τ,– Lp
δ<

… Lp
p 2=( )

p ∞=( ) δ

Δtn

Ts
n 1+ Ts tn 1+( )=

As∗[ ] RBHE[ ]+( ) Ts{ }n 1+⋅ Bs{ }n 1+

BBHE Ts
n 1+( ){ }

+=
matrix

(1-154)

and a source/sink term on the RHS

(1-155)

appear. The temperature distributions for pipe(s)-in
 and pipe(s)-out  represent complex analyti-

cal expressions as given in Chapter 1.9 (see equations
(1-119), (1-131), (1-138)). Since they are again depen-
dent on the soil temperature

(1-156)

the matrix system (1-153) is solved via an iterative pro-
cedure according to

RBHE
1

R1
Δ

------ 1
R2
Δ

------+
⎝ ⎠
⎜ ⎟
⎛ ⎞

z
∫ dzI=

BBHE Ts
n 1+( )

Ti1
n 1+

R1
Δ

-------------
To1

n 1+

R2
Δ

-------------+
⎝ ⎠
⎜ ⎟
⎛ ⎞

z
∫ dz=

Ti1
n 1+ To1

n 1+

Ti1
n 1+ Ti1

n 1+ Ts
n 1+( )=

To1
n 1+ To1

n 1+ Ts
n 1+( )=
The iterations with the current time level  are

(1-157)
starting solution τ 0:= As∗[ ] RBHE+( ) Ts{ } n 1+( ) τ,⋅ Bs{ }n 1+ BBHE Ts

n( ){ }+=

iteration τ 1:+ As∗[ ] RBHE+( ) Ts{ } n 1+( ) τ 1+( ),⋅ Bs{ }n 1+ BBHE Ts
n 1+( ) τ,( ){ }+=

n 1+( )

stopped if

(1-158)Ts
n 1+( ) τ 1+( ), Ts

n 1+( ) τ,– Lp
δ<
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In using the numerical (Al-Khoury et al.’s1,2) or the
analytical (Eskilson and Claesson’s12) solution strate-
gies a BHE is reduced to an internal boundary condi-
tion occupied at a single node in a horizontal view on
the 3D finite element mesh of the global problem. It
appears similar to a well node, where a pumping well
with a rate  in the borehole is modeled at a singular
node via a well function applied to the sink/source term

 of (1-1):

(1-159)

where  is the Dirac delta function and  are the
well coordinates of the well node .

Such types of nodal singularities in a mesh require
specific considerations due to the following reasons. If
inserting  at a singular node  the resulting head
value  in a flow simulation don’t usually represent
the head exactly at the physical borehole radius ;
instead, the actually computed head  at the node  is
to be deemed on a different radius, which is called vir-
tual radius ; in regional models often larger than
the real physical radius . It can be shown that the vir-
tual radius  is primarily dependent on the mesh
discretization around the node , represented by a
nodal distance  (cf. Fig. 1.7). Accordingly, it has to be
the goal in present modeling to design the mesh around
those singular well nodes  in such a way that the vir-
tual radius  meets at best the physical radius 
of the well. In doing this, we introduce the following
two methods for tuning the mesh at BHE nodes.

Qb

Q

Q Qb xi( )δ x xi–( )=

δ  ( ) xi
i

Qb i
hi

rb
hi i

rvirtual
rb

rvirtual
i

Δ

i
rvirtual rb
NKNNKN aáêÉÅí= Éëíáã~íáçå= çÑ= åçÇ~ä= ÇáëJ
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It follows the ideas by Nillert15 developed for 2D
horizontal regular meshes applied to wells in ground-
water flow. Extending to conductive heat transport we
find the following relationships, which are similar to
potential flow. In a spatial discretization the conductive
heat flux  at the singular node  can be expressed by

(1-160)

 
where  is the temperature at the distance , 
is the temperature at the virtual radius , which
must not be the physical BHE radius ,  is the heat
transfer coefficient and  is a shape factor determined
by the BHE-node surrounding mesh. For regular 2D
meshes Nillert15 derived:

(1-161)

where  denotes the number of sur-
rounding nodes, where  is typical for triangular
horizontal meshes (see Fig. 1.7).

In contrast to the approximate solution (1-160), for
a radially symmetric BHE we find the analytical (heat)
well formula6

(1-162)

Equating (1-162) and (1-160) it yields

Hi i

Hi ϑΦ TΔ Tvirtual–( )=

TΔ Δ Tvirtual
rvirtual

rb Φ
ϑ

ϑ n π
n
---⎝ ⎠
⎛ ⎞tan=

n 4 5 6 …, , ,( )=
n 6=

Hi
ana 2πΦ

TΔ Tvirtual–

ln Δ
rvirtual
--------------( )

----------------------------=
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(1-163)

Equation (1-163) can be used to determine the required
nodal distance  spacing from the BHE node if forcing
the virtual radius to the borehole radius . It
obtains for typical horizontal meshes

(1-164)

Relation (1-164) represents an direct and effective
estimation for an optimal mesh refinement around a
BHE node. It will be shown further below that those

Figure 1.7 Spatial discretization (n = 6) around a BHE
‘well’ node.

Δrvirtual

rb

i

Δ exp α( ) rvirtual= α 2π

n π
n
---⎝ ⎠
⎛ ⎞tan

--------------------=

Δ
rvirtual rb=

Δ a rb= a
4.81    for  n 4=
6.13    for  n 6=
6.66    for  n 8=⎩

⎪
⎨
⎪
⎧

=

meshes which are designed by using criterion (1-164)
can give optimal accuracy, even better than spatial dis-
cretizations over-refined  or coarse 
around BHE nodes.
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While method 1 is derived for ideal regular meshes,
this method 2 is applicable on the actual discretization.
It has been proposed by Bauer4 in using the following
iterative procedure for finding optimal nodal distances

 around BHE nodes. Using Kelvin’s line source
theory14 the temperature change  in a distance from
the line source is given by

(1-165)

where  is the thermal power of the line source and 
represents the radial distance from the line source. For
the case  an approximate solution of (1-165)
is given20 (applied to SI units of parameters)

(1-166)

The relation (1-166) can be used to determine an
optimal nodal (horizontal) distance  via the following
iterative procedure. The computations should be sim-
ply realized on a 2D horizontal mesh, where the full 3D
problem is reduced to only one layer:

Δ rb≤ Δ a rb>

Δ
ΔT

ΔT
Qh

2πλs
------------ e β2–

β
--------- βd

β

∞

∫=

β r
2 αt
-------------= α λs

ρscs
----------=

Qh r

αt r2⁄ 1>

ΔT
0.1833Qh

λs
----------------------- log10

αt
r2
-----⎝ ⎠
⎛ ⎞ 0.106 r2

αt
----- 0.351+ +=

Δ
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(1) Apply a standard thermal 4th kind boundary condition
(no BHE) at the node  with an injection rate of 50 W/m.

(2) Simulate the problem for t = 50 days at given mesh hav-
ing an initial ‘averaged’ nodal distance . For a first
guess of  the relation (1-164) can be used. It is to be
required that the outer boundaries of the global problem
are not affected by the injecting heat over the considered
time (outer boundaries are suitably distant the ‘well’ node

).
(3) Determine  from the (forward) numerical solution of

the reduced 2D problem at the ‘well’ node .
(4) Determine  from the implicit expression (1-166) with

given , , ,  and .
(5) If  then the adjacent nodes around the BHE have to

shifted outwards, so  increases. Otherwise, if 
then the adjacent nodes have to be moved inwards, so 
decreases.

(6) Repeat the simulation over 50 days (re-initialize the solu-
tion meantime) and compare with (1-166) again. Termi-
nate the iterative loop if it meets .

Both methods are beneficial to determine optimal
mesh geometry for BHE in the regional discretization.
Optimal conditions commonly exist when the nodal
distance  around the BHE node is larger than the
actual BHE radius  because we know from (1-164)
that  should be chosen five to six times larger than
the physical borehole radius , which is in general a
reasonable guess. We note that if refining the mesh too
much around the BHE node, so , the solution can
become even poorer, unless the contrast for the thermal
conductivity of elements within the physical borehole
radius  is significantly increased.

The advantage of method 2 against method 1 is that
the forward solution (step 3) is based on the actual hor-
izontal spatial discretization and accordingly  in (1-
166) implies the accuracy from the overall horizontal
discretization, not only related to the local spacing con-

i

Δ
Δ

i
ΔT

i
r

ΔT Qh λs α t
r rb<

Δ r rb>
Δ

r rb≈

Δ
rb

Δ
rb

Δ rb<

rb

ΔT
ditions around the BHE. On the other hand, the effort in
the iterative procedure of method 2 can be high, partic-
ularly if applied to arrays of BHE, and method 1 could
be sufficient under practical conditions. We note
finally, both methods assume that the heat transfer pro-
cess is dominated by a radial conduction having no (or
negligible) variation in the vertical direction.
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A BHE represents a specific ’well’ boundary condi-
tion of 4th kind in heat transport similar to a multi-well
boundary condition (BC) of 4th kind in flow problems.
However, the BHE ’well’ boundary condition is more
complex and requires various additional data. Particu-
larly, 4th kind well boundary condition has to be
changed from the standard single well node input to the
BHE node input by using the Heat 4th Kind BC Option
Options Menu as exhibited in Fig. 1.8. 

Figure 1.8 Setting borehole heat exchanger node input
via FEFLOW’s heat 4th kind BC option menu.
cbcilt=ö=RN
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A single BHE or a series of BHE can be set at nodes
on top slice of a 3D heat (or thermohaline) transport
model. If such a node is assigned the Borehole Heat
Exchanger Setting Menu immediately appears (see Fig.
1.9), where a number of data can be specified:

• Total heat input rate  [J d-1] of BHE. Note that
 implies an inlet temperature  [oC] (see fur-

ther below).
• Exact coordinates  [m] of BHE on top

slice.
• Pipe bottom and pipe top locations (’screen

lengths’) of BHE.
• Computational method applied to BHE: analytical

(Eskilson and Claesson’s12) method or numerical
(Al-Khoury et al.’s1,2) method.

• Type of BHE: double U-shape (2U), single U-
shape (1U) and coaxial shapes (CXA and CXC).

• Dataset identifier, where an arbitrary number of
dataset can be introduced, i.e., series of BHE can
be assigned in a 3D model, where different BHE
types and parameters mutually occur.

• Dataset parameters related to an identifier for
Borehole consisting of (1) borehole diameter 
[m], (2) pipe distance  [m], for Pipe-in consist-
ing of (3) pipe-in outer diameter 
[m], (4) pipe-in wall thickness

 [m], (5) pipe-in thermal
conductivity  [Jm-1s-1K-1], for Pipe-out
consisting of (6) pipe-out outer diameter

 [m], (7) pipe-out wall thickness
 [m], (8) pipe-out ther-

mal conductivity  [Jm-1s-1K-1], for
Refrigerant consisting of (9) flow discharge (total)

Qh
Qh Ti

xp yp zp, ,( )

D
w

di
o 2ri1

o 2ri2
o= =

bi ri1
o ri1

i– ri2
o ri2

i–= =
λi1

p λi2
p=

do
o 2ro1

o 2ro2
o= =

bo ro1
o ro1

i– ro2
o ro2

i–= =
λo1

p λo2
p=
 [m3d-1], which can also be a time-dependent
function  if assigning a power function
via the ID’s menu as shown in Fig. 1.9, (10) volu-
metric heat capacity  [106 Jm-3K-1], (11) ther-
mal conductivity  [Jm-1s-1K-1], (12) dynamic
viscosity  [10-3 kg m-1s-1], (13) mass density

 [103 kg m-3], for Grout consisting of (14) volu-
metric heat capacity  [106 Jm-3K-1], and (15)
thermal conductivity  [Jm-1s-1K-1].

• Heat transfer coefficients or thermal resistances
in dependence on the selected computational
method (either numerical or analytical), which can
be alternatively computed from the dataset param-
eters (1) to (15) according to the analytical formu-
lae as given in Chapter 1.6 or prescribed in an
independent manner. In the prescribed mode it is
to be directly input (16) heat transfer and thermal
resistance of pipe-in to grout  [Jm-2s-1K-1],

 [msKJ-1], respectively, for 2U and 1U or heat
transfer and thermal resistance of pipe-in to pipe-
out  [Jm-2s-1K-1],  [msKJ-1], respec-
tively, for CXC, (17) heat transfer and thermal
resistance of pipe-out to grout  [Jm-2s-1K-1],

 [msKJ-1], respectively, for 2U and 1U or heat
transfer and thermal resistance of pipe-out to pipe-
in  [Jm-2s-1K-1],  [msKJ-1], respec-
tively, for CXA, (18) heat transfer and thermal
resistance of grout to grout  [Jm-2s-1K-1],

 [msKJ-1], respectively, for 2U or  [J m-
2s-1K-1],  [msKJ-1], respectively, for 1U, (19)
heat transfer and thermal resistance of grout to
grout  [Jm-2s-1K-1],  [msKJ-1], respec-
tively, only for 2U, and (20) heat transfer and ther-
mal resistance of grout to soil  [Jm-2s-1K-1],

 [m KJ-1], respectively.
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Figure 1.9 FEFLOW’s borehole heat exchanger setting menu:  major BHE menu,  optional input for time-
dependent discharge  of refrigerant, and  optional input of thermal resistances  and  from thermal
response tests.
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The prescribed input mode for heat transfer coeffi-
cients and thermal resistances can be advantageous in
cases, where the user prefers to specify these coeffi-
cients by applying own rules or experimental findings.
This can be input for each coefficient. Alternatively, if
the borehole thermal resistances  and  are known
from thermal response tests (see Chapter 1.7) a specific
dialog supports the assignment of the heat transfer
coefficients and thermal resistances in the prescribed
input mode as depicted in Fig. 1.9. Furthermore, in the
BHE setting menu there are import and export buttons
(see Fig. 1.9) to exchange BHE data in a XML file for-
mat.
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Giving the total heat input rate , the total flow
discharge  and the volumetric heat capacity  of
refrigerant for a BHE the difference between inlet tem-
perature  [oC] and reference temperature  [oC] is
determined as

(1-167)

which provides the Dirichlet-type (1st kind) boundary
condition for the temperature at pipe(s)-in on top slice

, i.e.,

(1-168)

if the reference temperature  is given. In the BHE
setting menu (Fig. 1.9) the inlet temperature  can be
explicitly specified provided that steady-state rate con-
ditions (  and ) occur, which updates the heat
input rate  according to relationship (1-167) at given

Rb Ra

Qh
Qr ρrcr

Ti To
R

Ti To
R–

Qh

ρrcrQr
-----------------=

zp

Ti1 xp yp z, , p t,( ) Ti2 xp yp z, , p t,( ) Ti= = t 0>

To
R

Ti

Qh Qr
Qh
,  and . Furthermore, changing ,  or
 the inlet temperature  is modified.
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If simulation for a 3D heat (or thermohaline) trans-

port problem with incorporated BHE systems is started
a number of additional diagram windows appears in
which the computational results for each BHE are dis-
played. There are the following windows (Fig. 1.10):

• Vertical temperature profiles  for each BHE are
plotted. It covers the pipe-in, pipe-out and grout
temperature profiles at simulation time , i.e.,

, , 
for .

• The ’average heat’ diagram window  is used to
display the time history of pipe-out temperature
on top, i.e.,  for .

• The different BHE representations in a model are
identified automatically by an alpha-numeric or
numeric ID starting with ’a’,’b’, ..., ’_27’,’_28’, ...
In this context a selection dialog  is available
(Fig. 1.10) to switch between the IDs of BHE.

• The iteration progress according to (1-151) or (1-
157) is watched in a specific window . It dis-
plays the iteration history  and outlines when the
iterative procedure converges or eventually fails.
In combination with adaptive time stepping the
iterations  are performed within each time step

. It can happen that the iteration diverges,
however, the time step error control rejects the
current solution  and restarts with a reduced
time step.

Qr ρrcr To
R Qh Qr

ρrcr Ti

tn
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Figure 1.10 BHE diagrams appearing in simulation:  vertical temperature profiles,  time history of pipe-out
temperature on top ,  BHE’s ID selector and  iteration history.To1 xp yp z, , p t,( )
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We directly compare the numerical and analytical
solution strategies by Al-Khoury et al.1,2 and Eskilson
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and Claesson12 for local BHE problems under steady-
state conditions. The analytical BHE solutions are
compared to the numerical BHE results for CXA,
CXC, 1U and 2U-type BHE configurations with the
parameters as listed in Tab. 1.1 to 1.4, respectively.
Since  is here specified as a boundary condition theTs
solid properties become irrelevant for the present com-
parison analysis. The heat transfer coefficients and
thermal resistances as summarized in Tab. 1.1 to 1.4
are computed from the formula given in Chapter 1.6
and 1.5, respectively.
 

Table 1.1 Parameters of CXA-type BHE used for analytical comparisons 

Parameter Symbol Value Unit

Depth of borehole 100 m

Borehole diameter 10 cm

Outer diameter of pipe-in 5 cm

Outer diameter of pipe-out 2.4 cm

Pipe-in wall thickness 4 mm

Pipe-out wall thickness 3 mm

Thermal conductivities of pipe walls 0.38

Boundary solid temperature 10 oC

Reference temperature 10 oC

Inlet temperature 80 oC

Total flow discharge of refrigerant 21.86

Total heat input rate

Volumetric heat capacity of refrigerant

Thermal conductivity of refrigerant 0.6405

Dynamic viscosity of refrigerant

Mass density of refrigerant

Volumetric heat capacity of grout

L

D

di1
o

do1
o

bi1

bo1

λi1
p λo1

p, J m 1– s 1– K 1–

Ts

To
R

Ti

Qr m3d
1–

Qh 6.3216 109⋅ J d 1–

ρrcr 4.1312 106⋅ J m 3– K 1–

λr J m 1– s 1– K 1–

μr 0.54741 10 3–⋅ kg m 1– s 1–

ρr 0.9881 103⋅ kg m 3–

ρgcg 2.19 106⋅ J m 3– K 1–
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Thermal conductivity of grout 2.3

Computed heat transfer coefficients:
pipe-in to grout

pipe-in to pipe-out
grout to soil

69.698
135.64
195.74

Computed thermal resistances:
pipe-in to grout

pipe-in to pipe-out
grout to soil

0.10874
0.13037
0.01626

Table 1.1 Parameters of CXA-type BHE used for analytical comparisons  (cont.)

Parameter Symbol Value Unit

λg J m 1– s 1– K 1–

Φfig

Φff

Φgs

J m 2– s 1– K 1–[ ]
J m 2– s 1– K 1–[ ]
J m 2– s 1– K 1–[ ]

Rfig

Rff

Rgs

m s K J 1–[ ]
m s K J 1–[ ]
m s K J 1–[ ]
 

Table 1.2 Parameters of CXC-type BHE used for analytical comparisons 

Parameter Symbol Value Unit

Depth of borehole 100 m

Borehole diameter 10 cm

Outer diameter of pipe-in 2.4 cm

Outer diameter of pipe-out 5 cm

Pipe-in wall thickness 3 mm

Pipe-out wall thickness 4 mm

Thermal conductivities of pipe walls 0.38

Boundary solid temperature 10 oC

Reference temperature 10 oC

Inlet temperature 80 oC

Total flow discharge of refrigerant 21.86

L

D

di1
o

do1
o

bi1

bo1

λi1
p λo1

p, J m 1– s 1– K 1–

Ts

To
R

Ti

Qr m3d
1–
cbcilt=ö=RT
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Total heat input rate

Volumetric heat capacity of refrigerant

Thermal conductivity of refrigerant 0.6405

Dynamic viscosity of refrigerant

Mass density of refrigerant

Volumetric heat capacity of grout

Thermal conductivity of grout 2.3

Computed heat transfer coefficients:
pipe-out to grout

pipe-out to pipe-in
grout to soil

69.698
135.64
195.74

Computed thermal resistances:
pipe-out to grout

pipe-out to pipe-in
grout to soil

0.10874
0.13037
0.01626

Table 1.2 Parameters of CXC-type BHE used for analytical comparisons  (cont.)

Parameter Symbol Value Unit

Qh 6.3216 109⋅ J d 1–

ρrcr 4.1312 106⋅ J m 3– K 1–

λr J m 1– s 1– K 1–

μr 0.54741 10 3–⋅ kg m 1– s 1–

ρr 0.9881 103⋅ kg m 3–

ρgcg 2.19 106⋅ J m 3– K 1–

λg J m 1– s 1– K 1–

Φfog

Φff

Φgs

J m 2– s 1– K 1–[ ]
J m 2– s 1– K 1–[ ]
J m 2– s 1– K 1–[ ]

Rfog

Rff

Rgs

m s K J 1–[ ]
m s K J 1–[ ]
m s K J 1–[ ]
 

Table 1.3 Parameters of 1U-type BHE used for analytical comparisons 

Parameter Symbol Value Unit

Depth of borehole 100 m

Borehole diameter 13 cm

Pipe distance 6 cm

Outer diameter of pipe-in 3.2 cm

Outer diameter of pipe-out 3.2 cm

L

D

w

di1
o

do1
o



NKNP=jçÇÉä=s~äáÇ~íáçå
Pipe-in wall thickness 2.9 mm

Pipe-out wall thickness 2.9 mm

Thermal conductivities of pipe walls 0.38

Boundary solid temperature 10 oC

Reference temperature 10 oC

Inlet temperature 80 oC

Total flow discharge of refrigerant 21.86

Total heat input rate

Volumetric heat capacity of refrigerant

Thermal conductivity of refrigerant 0.6405

Dynamic viscosity of refrigerant

Mass density of refrigerant

Volumetric heat capacity of grout

Thermal conductivity of grout 2.3

Computed heat transfer coefficients:
pipe-in to grout
pipe-out to grout

grout to grout
grout to soil

77.993
77.993
66.796
190.24

Computed thermal resistances:
pipe-in to grout
pipe-out to grout

grout to grout
grout to soil

0.15577
0.15577
0.11516
0.02574

Table 1.3 Parameters of 1U-type BHE used for analytical comparisons  (cont.)

Parameter Symbol Value Unit

bi1

bo1

λi1
p λo1

p, J m 1– s 1– K 1–

Ts

To
R

Ti

Qr m3d
1–

Qh 6.3216 109⋅ J d 1–

ρrcr 4.1312 106⋅ J m 3– K 1–

λr J m 1– s 1– K 1–

μr 0.54741 10 3–⋅ kg m 1– s 1–

ρr 0.9881 103⋅ kg m 3–

ρgcg 2.19 106⋅ J m 3– K 1–

λg J m 1– s 1– K 1–

Φfig

Φfog

Φgg

Φgs

J m 2– s 1– K 1–[ ]
J m 2– s 1– K 1–[ ]
J m 2– s 1– K 1–[ ]
J m 2– s 1– K 1–[ ]

Rfig

Rfog

Rgg

Rgs

m s K J 1–[ ]
m s K J 1–[ ]
m s K J 1–[ ]
m s K J 1–[ ]
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Table 1.4 Parameters of 2U-type BHE used for analytical comparisons 

Parameter Symbol Value Unit

Depth of borehole 100 m

Borehole diameter 13 cm

Pipe distance 4.242 cm

Outer diameter of pipe-in 3.2 cm

Outer diameter of pipe-out 3.2 cm

Pipe-in wall thickness 2.9 mm

Pipe-out wall thickness 2.9 mm

Thermal conductivities of pipe walls 0.38

Boundary solid temperature 10 oC

Reference temperature 10 oC

Inlet temperature 80 oC

Total flow discharge of refrigerant 21.86

Total heat input rate

Volumetric heat capacity of refrigerant

Thermal conductivity of refrigerant 0.6405

Dynamic viscosity of refrigerant

Mass density of refrigerant

Volumetric heat capacity of grout

Thermal conductivity of grout 2.3

L

D

w

di1
o

do1
o

bi1

bo1

λi1
p λo1

p, J m 1– s 1– K 1–

Ts

To
R

Ti

Qr m3d
1–

Qh 6.3216 109⋅ J d 1–

ρrcr 4.1312 106⋅ J m 3– K 1–

λr J m 1– s 1– K 1–

μr 0.54741 10 3–⋅ kg m 1– s 1–

ρr 0.9881 103⋅ kg m 3–

ρgcg 2.19 106⋅ J m 3– K 1–

λg J m 1– s 1– K 1–
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Computed heat transfer coefficients:
pipe-in to grout
pipe-out to grout
grout to grout 1
grout to grout 2

grout to soil

83.877
83.877
48489
65.323
143.32

Computed thermal resistances:
pipe-in to grout
pipe-out to grout
grout to grout 1
grout to grout 2

grout to soil

0.14485
0.14485
0.00031
0.11776
0.06833

Table 1.4 Parameters of 2U-type BHE used for analytical comparisons  (cont.)

Parameter Symbol Value Unit

Φfig

Φfog

Φgg1

Φgg2

Φgs

J m 2– s 1– K 1–[ ]
J m 2– s 1– K 1–[ ]
J m 2– s 1– K 1–[ ]
J m 2– s 1– K 1–[ ]
J m 2– s 1– K 1–[ ]

Rfig

Rfog

Rgg1

Rgg2

Rgs

m s K J 1–[ ]
m s K J 1–[ ]
m s K J 1–[ ]
m s K J 1–[ ]
m s K J 1–[ ]
In the simulation models only the inner borehole is dis-
cretized, where boundary conditions for the solid tem-
perature  are prescribed at the BHE node patch as
exhibited in Fig. 1.11. For the vertical discretization
100 layers are used, i.e., .

The numerical results versus the analytical solutions in
form of steady-state vertical temperature profiles of
pipe(s)-in, pipe(s)-out and grout zone(s) are shown in
Figs. 1.12 to 1.15 for each of the CXA, CXC, 1U and
2U-type BHE configuration, respectively. As evi-
denced in all cases the agreement is nearly perfect.

Ts

Δz 1 m=
Figure 1.11 Discretized inner borehole with temperature
boundary conditions of solid  (indicated on top slice).Ts

BHE nodeTs

D

cbcilt=ö=SN
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Figure 1.12 Analytical vs. numerical temperature distribu-
tion for CXA-type BHE.
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Figure 1.13 Analytical vs. numerical temperature distribu-
tion for CXC-type BHE.
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Figure 1.14 Analytical vs. numerical temperature distribu-
tion for 1U-type BHE.
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Figure 1.15 Analytical vs. numerical temperature distribu-
tion for 2U-type BHE.
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There are analytical solutions suited for the partial
problem of the 1D transient heat transport in a single
pipe with a lateral heat exchange to the surrounding
grout or soil. It can be used to compare the numerical
results for a BHE solution at a starting period when the
heat flow develops in the 1D pipe-in of a heat
exchanger interacting with the soil. It is assumed that
the heat transfer to the grout and to the soil are equal. In
such a case the governing heat transport equation reads 

(1-169)

where  is the fluid temperature in the pipe-in,
 is the refrigerant fluid velocity,  is the thermal dif-

fusivity,  is a specific heat transfer coefficient,  is
the surrounding soil temperature taken as a reference
temperature and  is the vertical coordinate. Thermo-

∂T
∂t
------ u∂T

∂z
------ D∂2T

∂z2
---------– φ T Ts–( )+ + 0=

T Ti1=( )
u D

φ Ts

z

dispersivity, refrigerant fluid velocity and specific heat
transfer coefficient are related to the parameters used in
the numerical modeling as follows:

(1-170)

Choosing the following initial and boundary conditions
according to

(1-171)

the analytical solution19 for (1-169) is given by

D Lr

ρrcr
----------=

u
Qr

Ai1
i

-------           Ai1
i π ri1

i( )
2

= =

φ
2πri1

o Φfig

Ai1
i ρ

r
cr

------------------------=

T z 0,( ) Ts=

T 0 t,( ) Ti=

∂T
∂z
------ ∞ t,( ) 0=
(1-172)

T z t,( ) Ts
Ti Ts–( )

2
--------------------- exp u v–( )z

2D
------------------- erfc z vt–

2 Dt
-------------⎝ ⎠
⎛ ⎞ exp u v+( )z

2D
------------------- erfc z vt+

2 Dt
-------------⎝ ⎠
⎛ ⎞+

⎩ ⎭
⎨ ⎬
⎧ ⎫

+=

v u 1 4φD
u2

-----------+=
The comparison between the numerical and analytical
solution is performed with the following data 
cbcilt=ö=SP
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(1-173)

For this example the refrigerant discharge and the
heat input rate are chosen relatively low in relation to
the heat transfer. This has been done to emphasize the
heat transfer effect at early times for a pipe with a short
length. The numerical model is shown in Fig. 1.16
forming a 3D box with a horizontal extent of 20 m x 20
m and a depth of 1 m. In the central position a single
BHE is located, where the heat transfer coefficients of
pipe-in to grout and grout to soil are identical

, while the heat transfer of the pipe-out is
set to zero  to eliminate thermal interaction of
the pipe-out to the grout heated by pipe-in.

The computed temperature BHE profiles in compar-
ison to the analytical solution at t = 0.02 days are
shown in Fig. 1.17 revealing a good agreement. The
simulations have been performed for two different ver-
tical discretizations of 100 and 200 layers. Adaptive
time stepping with the AB/TR scheme and an error tol-
erance of  have been used. It is combined
with a streamline upwind scheme to stabilize the sharp
temperature front moving through the pipe in time. As

Qh 2.89086 106⋅  J d 1–[ ]=

Qr 0.0175 m3d
1–

[ ]=

ri1
i 0.0131 [m] =

ri1
o 0.016 [m] = b 0.0029 [m] =( )

ρrcr 4.1298 106 J m 3– K 1–[ ]⋅=

Lr λr 0.65 J m 1– s 1– K 1–[ ]= = αL 0=( )

Φfig 12.0 J m 2– s 1– K 1–[ ]         Φgs Φf ig        Φfog 0= = =

Ts To
R 10 °C[ ]= =

Ti
Qh

ρrcrQr
---------------- To

R+ 50 °C[ ]= =
⎭
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎬
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎫

Φf ig Φgs=
Φfog 0=

δ 10 4–=
seen in Fig. 1.17 at early times when the heat flow
through the pipe is significantly influenced by advec-
tion a sufficient vertical spatial discretization is needed
to obtain accurate solutions. At later times, however
when the heat front in the pipe disappears and the pro-
cess is dominated by heat transfer this effect declines.

We have also interest in comparing the present BHE
solution and the analytical results to a fully discretized
solution, where the pipe-soil interaction is modeled in a
rigorous 3D manner without resorting to heat transfer
relationships. Fully discretized 3D models (FD3DM)
can be useful as reference solutions in applications,
where there are no analytical results. Accordingly, we
have to test how such type of 3D models can be devel-
oped and how is their accuracy compared to the pre-

Figure 1.16 Single BHE in a 3D mesh (exag-
gerated cut view).

Ti

Ts
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ferred BHE solution. Obviously, there is a difficulty in
FD3DM to find an appropriate geometric representa-
tion of the inner pipe and outer pipe geometries. For the
inner pipe processes 1D discrete feature elements10 are
well suited. On the other hand, the pipe walls have to
be fully discretized. Figure 1.18 shows the used 3D
mesh of a FD3DM for the single pipe-soil interaction,
where only the symmetric quarter of the domain has
been discretized. The 3D mesh consists of 628,826
pentahedral prismatic elements with 100 layers.

As revealed in Fig. 1.18(b) while the vertical dis-
crete feature element of the inner pipe is represented at
a single node and the pipe wall is locally discretized, it
remains a surplus of the inner pipe domain, which is
required to exchange heat between the discrete feature
elements and the pipe wall. The domain of the inner
pipe surplus has to be assigned to special physical data

Figure 1.17 Computed temperature profiles in compari-
son to the analytical solution for the single pipe-soil inter-
action at t = 0.02 d.
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to hold the physical system correct. A sufficiently
small thermal capacity of  has to
be used. Furthermore, the thermal conductivity  (1-5)
should be significantly large in horizontal direction,
however, very small in vertical direction. This can be
enforced by using the following numerical trick. A
very small, but non-zero vertical velocity is assigned to
the surplus domain. Then, a longitudinal thermo-dis-
persivity  of zero and a transverse thermo-dispersiv-
ity  of a very large amount are used in the surplus,
which mimics a high thermal anisotropic behavior of
the surplus according to (1-5). In the present computa-
tion we set m and , where the artifi-
cial vertical velocity in the surplus is set to .
In amendment to the parameters (1-173) we need ther-
mal conductivity and capacity of the pipe wall material.
The former can be recomputed from the heat transfer
coefficient  according to (1-21). We find

. For
the thermal capacity of the pipe wall

 is set.

The FD3DM computational results are shown in
Fig. 1.19 in comparison to the analytical solution (1-
172). The agreement is reasonable, however, difficul-
ties are revealed due to the extremely anisotropic
behavior of the inner pipe surplus, which makes the
FD3DM simulations expensive and sensitive. It indi-
cates the superior of the efficient BHE solutions to the
complex FD3DM simulations, where even a higher
accuracy could be attained on a much coarser mesh as
shown in Fig. 1.17. It is important to note that there is a
certain lag in the FD3DM solution, which does not
exist in the BHE computation (cf. Figs. 1.17 vs. 1.19).

ρrcr 1 J m 3– K 1–[ ]=
L

αL
αT

αT 1012= αL 0=
10 6–  md 1–

Φf ig
λi1

p Φf igri1
o ln ri1

o ri1
i⁄( ) 0.031436 J m 1– s 1– K 1–[ ]= =

ρpcp 2.1574 106 J m 3– K 1–[ ]⋅=
cbcilt=ö=SR
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Figure 1.18 FD3DM for studying the single pipe-soil inter-
action: (a) 3D mesh with temperature distribution at t = 0.02
d, (b) mesh magnified at the single pipe with location of ver-
tical discrete feature elements, the pipe wall and inner pipe
surplus of the domain, (c) temperature distribution on top (z =
0) at t = 0.02 d.
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We consider a BHE coaxial pipe system of annular
inlet (CXA type) with parameters as listed in Tab. 1.5.
The aquifer domain measures 100 m x 100 m in hori-
zontal directions and 100 m in depth. The used mesh
for the BHE solution is shown in Fig. 1.20. The pipe
system is located in the centre of the domain, where the
mesh is locally refined. For the vertical discretization
100 layers are applied. Two variants of heat injections
are considered. The first one refers to a small-rate
injection with laminar flow in the coaxial pipes, which
is highly driven by thermal conduction. On the other
hand, a turbulent flow regime is studied, where advec-
tive heat transport in the pipe system is more apparent.
In both variants in the time range  water
with a temperature of 80 oC is injected at the annular

Figure 1.19 Computed temperature profile of the FD3DM
solution in comparison to the analytical solution for the
single pipe-soil interaction at t = 0.02 d.
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0 t 90d≤<( )
pipe-in. At later times  the injection
temperature amounts to 10 oC.

Both the Al-Khoury et al.’s numerical BHE method
and the Eskilson and Claesson’s analytical BHE
method are applied. The 3D FEFLOW results are com-
pared to a fully discretized finite-difference solution for
an axisymmetric 2D formulation of the problem as
given by Heidemann. Heidemann has discretized the
meridional cross-section by a 72 x 113 grid. The radial
extension is taken with 50 m. His grid has been gradu-
ally spaced along the radial direction ranging from 1.5
mm up to 1 m. Heidemann used variable time steps
between 30 min and 4 hours.

The outlet temperature histories computed by the
numerical and analytical BHE methods in comparison
to Heidemann’s solution are displayed in Fig. 1.21 for
the laminar flow and in Fig. 1.23 for the turbulent flow.
The results are in a reasonable agreement. For the tur-
bulent case we find an excellent agreement between
Heidemann’s and the analytical BHE solution as evi-
denced in Fig. 1.23. We have to note that the present
analytical BHE solutions are invalid for variations in a
time scale shorter than about 3.5 hours according to the
limit (1-107). Using limit (1-108) input variations can-
not be simulated even below about 10 hours for lami-
nar flow and about 4 hours for turbulent flow. In Figs.
1.22 and 1.24 the short-term temperature behavior of
the analytical and numerical BHE methods are shown
for the laminar and turbulent flow cases, respectively.
They reveal how the analytical method overestimates
the outlet temperature at transient input situations.
However, these errors vanishes in long-term predic-
tions if no longer input variations occur as depicted in
Figs. 1.21 and 1.23. It has been shown necessary to

90d t 180d≤<( )
cbcilt=ö=ST
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assign a high thermal conductivity with an anisotropic
behavior for the inner pipe surplus. For the surplus
 and  were cho-
sen, where the porosity  is set to zero.
λs 103 J m 1– s 1– K 1–= λzz

s λxx yy,
s⁄ 0=

ε

Figure 1.20 Finite-element mesh used for CXA-type BHE model consisting of 239,100 pentahedral elements. Vertical dis-
cretization concerns 100 layers.
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Table 1.5 Parameters of the CXA exchanger problem

Parameter Symbol Value Unit

Depth of borehole 100 m

Borehole diameter 10 cm

Outer diameters of pipe-in 5 cm

L

D

di1
o
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Outer diameters of pipe-out 2.4 cm

Pipe-in wall thickness 4 mm

Pipe-out wall thickness 3 mm

Volumetric heat capacity of pipe walls

Thermal conductivities of pipe walls 0.38

Initial temperature 10 oC

Reference temperature 10 oC

Total flow discharge of refrigerant:
laminar flow
turbulent flow

1.0931
21.8624

Total heat input rate:
laminar flow

turbulent flow

Volumetric heat capacity of refrigerant

Thermal conductivity of refrigerant 0.65

Volumetric heat capacity of grout

Thermal conductivity of grout 2.3

Porosity of soil 0 1

Table 1.5 Parameters of the CXA exchanger problem (cont.)

Parameter Symbol Value Unit

do1
o

bi1

bo1

ρpcp 2.1574 106⋅ J m 3– K 1–

λi1
p λo1

p, J m 1– s 1– K 1–

Ts 0( )

To
R

Qr
laminar

Qr
turbulent

m3d
1–

m3d
1–

Qh
laminar t( )

Qh
turbulent t( )

3.1602 108⋅
0 t 90d≤<( )

0.0
90d t 180d≤<( )

6.3203 109⋅
0 t 90d≤<( )

0.0
90d t 180d≤<( )

J d 1–

J d 1–

ρrcr 4.12984 106⋅ J m 3– K 1–

λr J m 1– s 1– K 1–

ρgcg 2.19 106⋅ J m 3– K 1–

λg J m 1– s 1– K 1–

ε
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Volumetric heat capacity of soil

Thermal conductivity of soil 2.2

Anisotropy factor 1 1

Thermal conductivity of pipe surplus 103

Anisotropy factor of pipe surplus 0 1

Computed heat transfer coefficients:
laminar flow

pipe-in to grout
pipe-in to pipe-out

grout to soil
turbulent flow

pipe-in to grout
pipe-in to pipe-out

grout to soil

52.955
52.068
195.74

69.326
134.14
195.74

Computed thermal resistances:
laminar flow

pipe-in to grout
pipe-in to pipe-out

grout to soil
turbulent flow

pipe-in to grout
pipe-in to pipe-out

grout to soil

0.14312
0.33963

0.016262

0.10932
0.13183

0.016262

Table 1.5 Parameters of the CXA exchanger problem (cont.)

Parameter Symbol Value Unit

ρscs 2.21 106⋅ J m 3– K 1–

λs J m 1– s 1– K 1–

λzz
s λxx yy,

s⁄

λs J m 1– s 1– K 1–

λzz
s λxx yy,

s⁄

Φfig

Φff

Φgs

Φfig

Φff

Φgs

J m 2– s 1– K 1–[ ]
J m 2– s 1– K 1–[ ]
J m 2– s 1– K 1–[ ]

J m 2– s 1– K 1–[ ]
J m 2– s 1– K 1–[ ]
J m 2– s 1– K 1–[ ]

Rfig

Rff

Rgs

Rfig

Rff

Rgs

m s K J 1–[ ]
m s K J 1–[ ]
m s K J 1–[ ]

m s K J 1–[ ]
m s K J 1–[ ]
m s K J 1–[ ]
The present turbulent flow case of a single CXA-
type BHE gives opportunity for a mesh convergence
study, where the level of mesh refinement around the
singular BHE node is systematically increased. This
will reflect the statements of Chapter 1.11 regarding an
optimal mesh design for BHE solutions. We test the
accuracy of the solution for a stepwise local refinement
of mesh  around the BHE node according to (cf. Fig.
1.25)

(1-174)

where  is the refinement level of mesh . Starting
with  consisting of a regular triangular tesselation

ϒ

ϒl l 0 1 2 … 8, , , ,=

l ϒl
ϒ0
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Figure 1.21 Temperature history at pipe outlet of the
CXA-type BHE for laminar flow compared to Heide-
mann’s solution.
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Figure 1.22 Short-term temperature history at pipe outlet
of the CXA-type BHE for laminar flow.
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Figure 1.23 Temperature history at pipe outlet of the
CXA-type BHE for turbulent flow compared to Heide-
mann’s solution.
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Figure 1.24 Short-term temperature history at pipe outlet
of the CXA-type BHE for turbulent flow.
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characterized by a BHE nodal distance  of about 4.42 where the BHE node (in the central position of the

Figure 1.25 Different mesh refinement levels for CXA-type BHE located in the centre of the domain
(100x100m2). Vertical discretization concerns 20 layers.

ϒ0

ϒ0

ϒ1

ϒ2

ϒ3

Δ

m, the number of triangular prisms NE and total num-
ber of nodes NP then increase according to the refine-
ment level , while the BHE nodal distance  is halved
in value for each refinement level :

 (1-175)

l Δ
l

NE 32 32 l+( ) NS 1–( )⋅=
NP 16 34 l+( ) 1+[ ] NS⋅=

Δl 2 l– Δ= Δ L
32
------ 2≈ 4.42 m= NS 21=
domain) is locally refined from level to level  (see
Fig. 1.25). For the mesh convergence test only a verti-
cal discretization consisting of 20 layers (number of
slices NS = 21) with a vertical spacing of

 is considered.

The simulations by using the analytical BHE
method are performed up to a maximum refinement
level of . At that level the BHE nodal distance

l

Δz L NS 1–( )⁄ 5 m= =

l 8=
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with about 1.7 cm is clearly smaller than the physical
borehole radius of . Using estimation
method 1 (1-164) from Chapter 1.11 we can expect an
optimal BHE nodal distance  of about 0.333 m (with
n = 8), which would require a refinement level of about
4 ( ) to attain suited accuracy. Indeed, the
simulations reveal that the best agreement to Heide-
mann’s reference solution is for  as evidenced in
Fig. 1.26 for the turbulent flow case. As revealed both
coarse meshes ( ) and higher dense meshes
( ) under- and over-estimates, respectively, the

rb D 2⁄ 5 cm= =

Δ

Δ4 0.276 m≈

ϒ4

ϒl l 4<,
ϒl l 4>,
reference solution for the outlet temperature. If the
nodal distance falls below the physical borehole radius

 the elements within  have to assigned to a
high thermal conductivity to break the further increase
of the temperature at the borehole. The method 2 as
described in Chapter 1.11 is also tested for an optimal
BHE nodal distance . Method 2 results a value of

, which is somewhat smaller than the
method 1’s estimation of 0.333 m, but also confirms
refinement level  as the best, say optimal, mesh.

rb Δ rb≤

Δ
Δ 0.277 m=

ϒ4
The results for the optimal  mesh give very good shown in Fig. 1.27 for the full history of outlet temper-

Figure 1.26  Outlet temperature at t = 90 d of the CXA-type BHE for turbulent flow versus the
BHE nodal distance Δ. Refinement levels  (l = 0,...,8) in comparison to Heidemann’s refer-
ence solution. For levels l = 6-8 solutions with high contrast of the thermal conductivity

 for elements smaller than physical borehole radius  are also
incorporated. Analytical BHE method is used.

ϒl

λs 103 J m 1– s 1– K 1–= rb 0.05 m=
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r b

ϒ

agreement with Heidemann’s reference solution as

4

ature. Although the mesh of level  is about 10 timesϒ4
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coarser (consisting only of 23,040 pentahedral ele-
ments) than the mesh studied above (Fig. 1.20) consist-
ing of 239,100 pentahedral elements, the quality of the
results is comparable (cf. Fig. 1.27 vs. Fig. 1.23). 

Figure 1.27 Outlet temperature history of the CXA-type
BHE for turbulent flow simulated with optimal mesh of
refinement level 4,  (analytical BHE solution) com-
pared to Heidemann’s solution.
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Comparisons between the proposed BHE solution
and a fully discretized 3D model solution (FD3DM)
are performed for heating operation of a 2U configura-
tion located in central position of an aquifer domain
measuring 20 m x 20 m in horizontal directions and 55
m in depth. The used meshes for both solutions are
shown in Fig. 1.28 revealing a much more refined tes-
sellation for FD3DM to discretize appropriately the
interior geometric structure of the 2U exchanger. In
both meshes, however, the vertical discretization is the
same by using 55 layers. For the 2U exchanger prob-
lem the used parameters are summarized in Tab. 1.6. In
FD3DM 1D discrete feature (fracture) elements have
been used to model the internal pipes. It was necessary
to assign the inner pipe surplus to a high thermal con-
ductivity of solid with anisotropy. For the surplus we
took a value of  with an anisot-
ropy factor of . In the surplus we use a
porosity  of zero.

λs 103 J m 1– s 1– K 1–=
λzz

s λxx yy,
s⁄ 0=

ε

Table 1.6 Parameters of the 2U exchanger problem

Parameter Symbol Value Unit

Depth of borehole 55 m

Borehole diameter 12 cm

Outer diameters of pipes-in 3.2 cm

Outer diameters of pipes-out 3.2 cm

Pipes-in wall thicknesses 2.9 mm

L

D

di1
o di2

o,

do1
o do2

o,

bi1 bi2,
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Pipes-out wall thicknesses 2.9 mm

Pipe distance 4.2 cm

Volumetric heat capacity of pipe walls

Thermal conductivities of pipe walls 0.38

Total flow discharge of refrigerant 38.284

Total heat input rate

Reference temperature 10 oC

Inlet temperature 50 oC

Volumetric heat capacity of refrigerant

Thermal conductivity of refrigerant 0.65

Volumetric heat capacity of grout

Thermal conductivity of grout 2.3

Porosity of soil 0.2 1

Porosity of pipe surplus 0 1

Volumetric heat capacity of groundwater

Volumetric heat capacity of soil

Thermal conductivity of groundwater 0.65

Thermal conductivity of soil 2.46

Anisotropy factor 1 1

Thermal conductivity of pipe surplus 103

Anisotropy factor of pipe surplus 0 1

Longitudinal thermo-dispersivity of aquifer 0.5 m

Table 1.6 Parameters of the 2U exchanger problem (cont.)

Parameter Symbol Value Unit

bo1 bo2,

w

ρpcp 2.1574 106⋅ J m 3– K 1–

λi1
p λi2

p λo1
p λo2

p, , , J m 1– s 1– K 1–

Qr m3d
1–

Qh 6.3242 109⋅ J d 1–

To
R

Ti

ρrcr 4.12984 106⋅ J m 3– K 1–

λr J m 1– s 1– K 1–

ρgcg 2.19 106⋅ J m 3– K 1–

λg J m 1– s 1– K 1–

ε

ε

ρfcf 4.2 106⋅ J m 3– K 1–

ρscs 2.405 106⋅ J m 3– K 1–

λf J m 1– s 1– K 1–

λs J m 1– s 1– K 1–

λzz
s λxx yy,

s⁄

λs J m 1– s 1– K 1–

λzz
s λxx yy,

s⁄

αL
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Transverse thermo-dispersivity of aquifer 0.05 m

Initial temperature 10 oC

Computed heat transfer coefficients:
pipe-in to grout

pipe-out to grout
grout to grout 1
grout to grout 2

grout to soil

91.624
91.624
802.43
31.702
181.02

Computed thermal resistances:
pipe-in to grout

pipe-out to grout
grout to grout 1
grout to grout 2

grout to soil

0.1326
0.1326
0.02077
0.26287
0.05861

Table 1.6 Parameters of the 2U exchanger problem (cont.)

Parameter Symbol Value Unit

αT

Ts 0( )

Φfig

Φfog

Φgg1

Φgg2

Φgs

J m 2– s 1– K 1–[ ]
J m 2– s 1– K 1–[ ]
J m 2– s 1– K 1–[ ]
J m 2– s 1– K 1–[ ]
J m 2– s 1– K 1–[ ]

Rfig

Rfog

Rgg1

Rgg2

Rgs

m s K J 1–[ ]
m s K J 1–[ ]
m s K J 1–[ ]
m s K J 1–[ ]
m s K J 1–[ ]
A comparison between the BHE solutions to fully
discretized 3D model (FD3DM) is shown in Fig. 1.29
for the short-term outlet temperature history, in Fig.
1.30 for the long-time outlet temperature history and in
Fig. 1.31 for the vertical temperature profile after 12
hours. As revealed the agreement between the different
solutions is quite well. For long-term predictions the
analytical BHE simulation has shown reasonably accu-
rate and fast, while the numerical BHE computations
became superior to the analytical BHE solution at
short-term predictions and in a well agreement with the
FD3DM results from beginning. In Fig. 1.31 the verti-
cal temperature profile of grout is not evaluated for
FD3DM because the grout temperature considerably
varies within the mesh nodes in the borehole at that
early time. 
For the FD3DM a forward Adams-Bashforth/back-
ward trapezoid time integration scheme with a RMS
error tolerance of  has been used. It took 276 time
steps for the simulation period of 365 days. For the
BHE solutions always a forward Euler/backward Euler
time marching predictor-corrector scheme with a RMS
error tolerance of  was preferred due to better
robustness for this class of problems. The analytical
BHE required only 227 time steps. In contrast, the
numerical BHE computations failed for the long-term
run because the adaptive time step control could not
increase the time steps anymore and a very large num-
ber of time steps would follow. Obviously, this is
caused by random effects triggered from the stiff
matrix system by poor numerical precision of the only
8 byte floating point mantissa.

10 4–

10 3–
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Figure 1.28 Finite-element meshes for (a) BHE consisting of 130,185 pentahedral ele-
ments and (b) FD3DM consisting of 1,204,665 pentahedral elements. Both meshes are
vertically discretized by 55 layers.

(a)

(b)

20 m

20
 m

55
 m

single BHE node
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The good agreement of the BHE solutions with the
FD3DM results demonstrates the accuracy and practi-
cal applicability of the new BHE modeling strategy. Its
numerical efficiency and capability will be more appar-
ent for arrays of BHE. 
                                  

NKNQ ^ééäáÅ~íáçå= íç= _çêÉÜçäÉ
qÜÉêã~ä=båÉêÖó=píçêÉë

Borehole Thermal Energy Stores (BTES) consist of
a large number of borehole heat exchangers typically
installed with spacing in the range of two to five meters
as the thermal interaction of the individual borehole
heat exchangers is essential for an efficient storage pro-
cess. BTES can be a reasonable technical and economi-
cal alternative - depending on the local geological and
hydrogeological situation - to other techniques of heat

Figure 1.29 Short-term outlet temperature history of the
BHE solution in comparison to the fully discretized 3D
model (FD3DM) solution measured at the pipe’s outlet.
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Figure 1.30 Long-term outlet temperature history of the
BHE solution in comparison to the fully discretized 3D
model (FD3DM) solution measured at the pipe’s outlet.
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Figure 1.31 Analytical BHE solution of temperature pro-
file at t = 12 hours in comparison to the fully discretized
3D model (FD3DM).
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storage for the use in solar assisted district heating sys-
tems with seasonal heat storage. However, BTES are
very sensitive to groundwater flow. Both for permit
procedures required by the authorities and for plant-
engineering issues, simulations are needed which are
capable of predicting the three-dimensional tempera-
ture profile in the underground and the thermal effi-
ciency of the store. Together with the new BHE option
of FEFLOW the simulation of such installations is a
feasible task. 

NKNQKN aóå~ãáÅ= ÅçìéäáåÖ= ïáíÜ= íÜÉ
ÉåÉêÖó= ëáãìä~íáçå= éêçÖê~ã
qokpvp

In order to simulate the interaction of an array of
BHE with the supply of energy to housing areas
advanced capabilities are necessary. Using FEFLOW’s
open programming interface IFM a Qt-based module
has been developed which allows to couple FEFLOW
with the transient systems simulation code
TRNSYS17,8. This way it is possible to model the com-
plete energy transfer cycle for instance between an
array of solar panels, the connected buildings and a
subsurface heat storage system together with the ther-
mal interaction with the surrounding rocks. The
FEFLOW-TRNSYS-coupling module processes a vari-
able number of BHE which can be connected using
arbitrarily complex circuits. An example of the modul’s
user interface is shown in Fig. 1.32.

The interface enables the exchange of a pipe inlet
flow rate and inlet temperature from TRNSYS to
FEFLOW and of the resulting outlet temperature back
to TRNSYS. In addition, the flow direction can be
switched and the temperature of selected observation
points can be reported to TRNSYS. This coupling is
performed using the remote procedure protocol RPC7.
The counterpart to FEFLOW’s IFM module is a new
developed TRNSYS type called Type331.

For users who want to interlink BHE without using
TRNSYS there is also a standalone option available. In
this case the operation is controlled by three power
functions (for flow rate, temperature and flow direc-
tion).

NKNQKO kìãÉêáÅ~ä= ëáãìä~íáçå= çÑ= êÉ~äJ
ëáíÉ=_qbp=`ê~áäëÜÉáãI=dÉêã~åó

To investigate the influence of moving groundwater
on BTES of real dimension, the recently built BTES in
Crailsheim, south-west Germany was simulated. For
more information about Crailsheim BTES see Bauer et
al.5 and Rieger16. The Crailsheim BTES consists of 80
double U-tube BHE with 55 m in length installed on a
circular area with 30 m in diameter. The BTES is situ-
ated in a geology comprising two aquifers. It is covered
with soil and heat insulation (Tab. 1.7). The properties
of the used BHE are given in Tabs. 1.8 and 1.9. Within
FEFLOW’s new BHE configuration dialog the Eskil-
son and Claesson’s analytical BHE method was cho-
sen. Only one iteration is performed per each time, but
a stronger RMS error tolerance of  concerning the
AB/TR automatic time-stepping control was selected.
With these selections a fast but also accurate computa-
tion could be achieved. The linkage of the single BHE
within the BHE array is shown in Fig. 1.32. It reveals
that always two BHE are interlinked, where one BHE
located on an outer circular range is connected to a

10 6–
cbcilt=ö=TV
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BHE located on an inner circular range within the BHE the slice distance is 5 m in maximum.

Figure 1.32 The user interface of the new IFM module for connecting BHE arrays.
array.

For the finite element meshing of the BHE array
additional point add-ins were introduced. This was par-
ticularly done to attain an optimal nodal distance 
around each single BHE of the array. According to
Chapter 1.11 an optimal BHE nodal distance  of
about 0.4 m (by using n = 6) was chosen for the
unstructured mesh. Finally, the total study area of 2000
m x 2000 m was discretized by 21,337 triangular pris-
matic elements per layer. In the vertical direction the
used finite element mesh consists of 24 layers with a
thickness between 0.5 m and 40 m; within the BTES

Δ

Δ

The simulation was conducted for a time range of
five years featuring an alternation between one heat
inserting period and one heat extracting period of
approximately six months per year. In addition to this
cycle there is also a daily change of the inflow temper-
ature during the heat-storing period. Due to the day/
night variation a cycle of 8 hours with a temperature of
80°C and 16 hours with 40°C can be presumed. The
latter temperature represents the output temperature of
a buffer storage tank. Since a computation over 5 years
with these daily fluctuations is time consuming, an
approximated time-weighted mixture temperature of
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53.33°C is used for the first cycle (heat-storage). After
a time range of 185 days the flow direction of the
refrigerant is reversed and the inlet temperature is
reduced to 10°C (period of heat extraction). These two
cycles are repeated for the following years, five in
total. The settings of the TRNSYS deck file are per-
formed in the so called Simulation Studio of TRNSYS
(Fig. 1.33). The total inflow rate for all 80 BHE is 8064
l/h.
Table 1.7 Simulation parameters of Crailsheim BTES site

Formation

Extent 
below top 

ground 
surface

[m]

Hydraulic 
gradient

[-]

Hydraulic 
conductivity

K

[ms-1]

Porosity

[-]

Volumetric 
heat 

capacity

[Jm-3K-1]

Thermal 
conductivity

[Jm-1s-1K-1]

Soil cover 0 - 1.5 / 2.10

Heat insulation 1.5 - 2 / 0.08

Sandstone (Keuper) 2 - 24 0.01 0.01 1.95

Limestone (Muschelkalk)
24 - 61 / 0.01 2.46

61 - 103 0.0045 0.01 2.46

Basement 103 - 200 / 0.01 2.46

ε ρscs λs

1 10 12–⋅ 1 10 6–⋅ 2.20 106⋅

1 10 12–⋅ 1 10 6–⋅ 1.28 102⋅

5.7 10 6–⋅ 2.60 106⋅

1 10 9–⋅ 2.40 106⋅

1.31 10 4–⋅ 2.40 106⋅

1.31 10 4–⋅ 2.40 106⋅
Table 1.8 Physical properties of 2U BHE used for Crailsheim BTES site

Property fluid pipe grout

 [Jm-3K-1]

 [Jm-1s-1K-1] 0.6405 0.38 2.3

 [kg m-1s-1] - -

ρc 4.13 106⋅ 2.16 106⋅ 2.19 106⋅

λ

μ 5.47 10 4–⋅
cbcilt=ö=UN
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Table 1.9 Geometric 
relations of 2U BHE used 

for Crailsheim BTES 
site

Geometry [m]

0.0262

0.032

0.09

0.13
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Figure 1.33 Linking the new TRNSYS type 331 for con-
necting FEFLOW in the TRNSYS Simulation Studio.
Figure 1.34 shows two temperature profiles of the
subsurface at different times for the fifth year of heat
injection/extraction. In Fig. 1.35 the history of outlet
temperatures of all 80 BHE is plotted. These figures
illustrate the impact of alternation of the seasonal heat
loading and extraction of the storage and reveal how
those BHE which are located in the inner circular range
of the BHE array get water which has been already
cooled down because it circulated before through the
outer range of the BHE array - or vice versa.

Figure 1.36 depicts a cross-sectional profile of tem-
perature along the main direction of groundwater flow
after a fifth year BTES operation of alternating heat
loading and extraction and indicates the movement of
heat slowly drifting outside the BTES due to thermal
conduction and advection. It is obvious that the real
hydrogeological conditions of the BTES site are impor-
tant for efficiency and reliability of the subsurface heat
storage system. Related environmental impact studies
for a long-term operation of BTES become necessary.
The present simulation results represent a scenario with
use of schematic hydrogeological parameters, which
was confirmed by the regular authorities for Geology,
Resources and Mining of Baden-Württemberg
(LGRB). Further more detailed investigations and
modeling studies for the BTES Crailsheim site are
ongoing.

NKNR pìãã~êó=~åÇ=`çåÅäìëáçåë

In this paper, the details in numerical modeling of
single BHE and arrays of BHE in FEFLOW are
reported. Four types of vertical BHE are supported:
double U-shape (2U) pipe, single U-shape (1U) pipe,



NKNR=pìãã~êó=~åÇ=`çåÅäìëáçåë
coaxial pipe with annular (CXA) and centred (CXC) The paper describes the basic theory of BHE model-

Figure 1.34 Temperature distribution around the array of 80 BHE computed with FEFLOW and coupled with TRNSYS: (a) at the end of the heat injection
period after 4 years and 180 days. (b) after 5 years.

(a) (b)
inlet. BHE system modeling is applicable for 3D heat
or thermohaline problems. The thermal processes can
be dependent on the groundwater flow regime, thermal
capacity and conductivity of the subsurface as well as
fluid viscosity and buoyancy effects if density variable
flow conditions occur. For handling BHE arrays an
IFM interface module has been developed, which is
capable of linking with the energy simulation program
TRNSYS.
ing. Starting with the general formulation of the bal-
ance equations for flow and heat transport in BHE pipe
system and surrounding soil, efficient finite element
solution strategies are derived and thoroughly
described. There two principal approaches: (1) The
analytical BHE method based on Eskilson and Claess-
son’s solution, (2) numerical BHE method based on Al-
Khoury et al.’s solution. While the latter is more gen-
eral and accurate both for short-term and long-term
analyses, the analytical solutions strategy has shown
cbcilt=ö=UP
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highly efficient, precise and robust, however, not appli-
cable for short-term processes (a temporal scale in
order of seconds, minutes or few hours). But, this limi-
tation of the analytical method is usually not relevant
for real BHE applications, where the thermal processes
is measured in days and years.

The BHE systems are modeled by 1D finite-element
representations, where the thermal exchange both
within the BHE configurations consisting of pipes and
grout material zones and with the surrounding soil is
subjected to thermal transfer relationships. For this pur-
pose improved relationships for thermal resistances of
BHE are introduced. Pipe-to-grout thermal transfer
possesses multiple grout points for 2U and 1U BHE to
attain a more accurate modeling. The numerical solu-
tion of the final 3D problems is performed via a widely
non-sequential (essentially non-iterative) coupling
strategy for the BHE and porous medium discretiza-

Figure 1.35 History of outlet temperatures of all 80 BHE.
tion.

Using BHE in regional discretizations optimal con-
ditions of mesh spacing around singular BHE nodes are
recommended. The direct estimation of the nodal dis-
tance can be sufficient under practical conditions. Such
optimal meshes have shown superior to those discreti-
zations which are either too fine or too coarse. Com-
monly, over-refined meshes around BHE nodes require
the assignment of high contrast of thermal conductivity
of elements within the BHE radius. But, an optimal
mesh spacing around BHE avoids such kind of manip-
ulations and the solutions become faster and more (or
similarly) accurate, even realized on coarser meshes.

To input all relevant BHE data specific dialogs are
available in FEFLOW. The computational results for
BHE are displayed in diagrams showing vertical tem-
perature profile and outlet temperature in time for each
BHE. The number of BHE can be arbitrary. To support
BHE arrays an IFM module has been developed which
provides tools for interlink BHE. Furthermore, this
module also allows the coupling of FEFLOW with the
energy simulation program TRNSYS to control and
dispatch the complete energy transfer cycle for real-site
applications.

To illustrate and benchmark FEFLOW’s BHE func-
tionality, a number of test and example problems are
posed and solved. The proposed BHE solution strate-
gies result very good agreements with analytical solu-
tions. Detailed comparisons to reference finite-
difference solutions are given for a single coaxial-type
BHE under laminar and turbulent flow of refrigerant. It
shows the advantage of the analytical Eskilson and
Claessson’s solution method for long-term analysis. If
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applied to optimal mesh configurations the solutions

Figure 1.36 Cross-sectional temperature profile through the center of the BTES (green line) oriented to the main
groundwater flow direction after the fifth year of BTES operation.
have shown very efficient and accurate. Additionally,
comparisons are provided to finite-element solutions
resulting from a fully discretized 3D model (FD3M).
The good agreement of the BHE solutions with the
FD3DM results demonstrates the accuracy and practi-
cal applicability of the new BHE modeling strategy.
Finally, a practical application to BTES consisting of
80 BHE is given for the real-site BTES Crailsheim,
Germany. The simulations are supported by the specifi-
cally developed FEFLOW-TRNSYS coupling module.
Scenarios indicate the effect of the groundwater flow
regime on efficiency and reliability of the subsurface
heat storage system.
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We consider the following linear 2-node element e
(see Fig. 1.37)

with the basis functions at the nodes 1 and 2

(A1)

and their derivatives

ξξ = -1 ξ = +1 z
z = z1 z = z2
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0
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e

Figure 1.37 Shape functions of 1D element.
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Furthermore, we have for the element

(A3)

The Jacobian is given

(A4)

and accordingly its inverse reads

(A5)

Then, the divergence terms appearing in (1-101a) to (1-
101f) become with (A2)

(A6)

For a 1D pipe element we have for the volume and sur-
face element, respectively,
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where  is a cross-sectional area and  is the specific
exchange surface given in (1-71). In case of 2U
exchangers we will assume that the radii for the two
pipes-in and two pipes-out are equal, i.e., we define

A S

, ,  and
. Accordingly, we find for cross-sec-

tional areas of the inner pipes and for the grout zones

(A8)
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In using these relationships the matrices (1-101a) to (1-
101f) become for element e
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1–

1

∫
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oHg4L
2

------------------- 1
1

= = =
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bäÉãÉåí= ã~íêáÅÉë= çÑ= íÜÉ= NaJOr= éáéÉ
ÉäÉãÉåí

The 1D 2U pipe element e consists of two nodes
with each eight degrees of freedom (8-DOF) as shown
in Fig. 1.38. Accordingly, the local element matrices
yield following forms:
1

2

e

Figure 1.38 1D 2U 8-DOF element.

 Ti1  Ti2  To1  To2 Tg1 Tg2 Tg3 Tg4 1

 Ti1  Ti2  To1  To2 Tg1 Tg2 Tg3 Tg4 2
cbcilt=ö=VN
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(B1)

Oe

Oi
e 0 0 0 0 0 0 0

0 Oi
e 0 0 0 0 0 0

0 0 Oo
e 0 0 0 0 0

0 0 0 Oo
e 0 0 0 0

0 0 0 0 Og1
e 0 0 0

0 0 0 0 0 Og2
e 0 0

0 0 0 0 0 0 Og3
e 0

0 0 0 0 0 0 0 Og4
e

=

 

  1( ) 2( )

  i1 i2 o1 o2 g1 g2 g3 g4 i1 i2 o1 o2 g1 g2 g3 g4

1( )

i1

i2
o1
o2

g1
g2

g3

g4

Oi
11 0 0 0 0 0 0 0

0 Oi
11 0 0 0 0 0 0

0 0 Oo
11 0 0 0 0 0

0 0 0 Oo
11 0 0 0 0

0 0 0 0 Og1
11 0 0 0

0 0 0 0 0 Og2
11 0 0

0 0 0 0 0 0 Og3
11 0

0 0 0 0 0 0 0 Og4
11

Oi
12 0 0 0 0 0 0 0

0 Oi
12 0 0 0 0 0 0

0 0 Oo
12 0 0 0 0 0

0 0 0 Oo
12 0 0 0 0

0 0 0 0 Og1
12 0 0 0

0 0 0 0 0 Og2
12 0 0

0 0 0 0 0 0 Og3
12 0

0 0 0 0 0 0 0 Og4
12

2( )

i1

i2

o1

o2

g1

g2

g3
g4

Oi
21 0 0 0 0 0 0 0

0 Oi
21 0 0 0 0 0 0

0 0 Oo
21 0 0 0 0 0

0 0 0 Oo
21 0 0 0 0

0 0 0 0 Og1
21 0 0 0

0 0 0 0 0 Og2
21 0 0

0 0 0 0 0 0 Og3
21 0

0 0 0 0 0 0 0 Og4
21

Oi
22 0 0 0 0 0 0 0

0 Oi
22 0 0 0 0 0 0

0 0 Oo
22 0 0 0 0 0

0 0 0 Oo
22 0 0 0 0

0 0 0 0 Og1
22 0 0 0

0 0 0 0 0 Og2
22 0 0

0 0 0 0 0 0 Og3
22 0

0 0 0 0 0 0 0 Og4
22

=



=^ééÉåÇáñ=_
(B2)

De

Ki1
e 0 Rio

e 0 Ri
e 0 0 0

0 Ki2
e 0 0 0 Ri

e 0 0

Rio
e 0 Ko1

e 0 0 0 Ro
e 0

0 0 0 Ko2
e 0 0 0 Ro

e

Ri
e 0 0 0 Kig

e Rg2
e Rg1

e Rg1
e

0 Ri
e 0 0 Rg2

e Kig
e Rg1

e Rg1
e

0 0 Ro
e 0 Rg1

e Rg1
e Kog

e Rg2
e

0 0 0 Ro
e Rg1

e Rg1
e Rg2

e Kog
e

=

 

  1( ) 2( )

  i1 i2 o1 o2 g1 g2 g3 g4 i1 i2 o1 o2 g1 g2 g3 g4

1( )

i1

i2
o1
o2

g1
g2

g3

g4

Ki1
11 0 Rio

11 0 Ri
11 0 0 0

0 Ki2
11 0 0 0 Ri

11 0 0

Rio
11 0 Ko1

11 0 0 0 Ro
11 0

0 0 0 Ko2
11 0 0 0 Ro

11

Ri
11 0 0 0 Kig

11 Rg2
11 Rg1

11 Rg1
11

0 Ri
11 0 0 Rg2

11 Kig
11 Rg1

11 Rg1
11

0 0 Ro
11 0 Rg1

11 Rg1
11 Kog

11 Rg2
11

0 0 0 Ro
11 Rg1

11 Rg1
11 Rg2

11 Kog
11

Ki1
12 0 Rio

12 0 Ri
12 0 0 0

0 Ki2
12 0 0 0 Ri

12 0 0

Rio
12 0 Ko1

12 0 0 0 Ro
12 0

0 0 0 Ko2
12 0 0 0 Ro

12

Ri
12 0 0 0 Kig

12 Rg2
12 Rg1

12 Rg1
12

0 Ri
12 0 0 Rg2

12 Kig
12 Rg1

12 Rg1
12

0 0 Ro
12 0 Rg1

12 Rg1
12 Kog

12 Rg2
12

0 0 0 Ro
12 Rg1

12 Rg1
12 Rg2

12 Kog
12

2( )

i1

i2

o1

o2

g1

g2

g3
g4

Ki1
21 0 Rio

21 0 Ri
21 0 0 0

0 Ki2
21 0 0 0 Ri

21 0 0

Rio
21 0 Ko1

21 0 0 0 Ro
21 0

0 0 0 Ko2
21 0 0 0 Ro

21

Ri
21 0 0 0 Kig

21 Rg2
21 Rg1

21 Rg1
21

0 Ri
21 0 0 Rg2

21 Kig
21 Rg1

21 Rg1
21

0 0 Ro
21 0 Rg1

21 Rg1
21 Kog

21 Rg2
21

0 0 0 Ro
21 Rg1

21 Rg1
21 Rg2

21 Kog
21

Ki1
22 0 Rio

22 0 Ri
22 0 0 0

0 Ki2
22 0 0 0 Ri

22 0 0

Rio
22 0 Ko1

22 0 0 0 Ro
22 0

0 0 0 Ko2
22 0 0 0 Ro

22

Ri
22 0 0 0 Kig

22 Rg2
22 Rg1

22 Rg1
22

0 Ri
22 0 0 Rg2

22 Kig
22 Rg1

22 Rg1
22

0 0 Ro
22 0 Rg1

22 Rg1
22 Kog

22 Rg2
22

0 0 0 Ro
22 Rg1

22 Rg1
22 Rg2

22 Kog
22

=
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where the coefficients of the element submatrices

, ,  etc. are given

from the expressions (A9) to (A13).

The remaining part of the  matrix has to be
assembled for each element e linked to the correspond-
ing soil nodes s. Such type of element also consists of
two nodes but with only one degree of freedom (1-
DOF) as shown in Fig. 1.39.

The local element matrix  reads simply

(B3)

determined from (A11).

Oi
e Oi

11 Oi
12

Oi
21 Oi

22
= Ki1

e Ki1
11 Ki1

12

Ki1
21 Ki1

22
= Ri

e Ri
11 Ri

12

Ri
21 Ri

22
=

Rs

1

2

e

Figure 1.39 1D  1-DOF element.Rs
e

Ts[ ]1

Ts[ ]2

Rs
e

Rs
e Rs

11 Rs
12

Rs
21 Rs

22
=

^ééÉåÇáñ=`

kçãÉåÅä~íìêÉ

Roman letters
cross-sectional area;
pipe wall thickness;
specific heat capacity;
borehole diameter;
thermal diffusivity;
inner diameter of pipe;
pipe diameter;

1 , gravitational unit vector;
1 viscosity relation function;
1 number of grout zones;

gravity vector;
, gravitational acceleration;

thermal sink/source term;
hydraulic head;

1 unit (identity) matrix;
Jacobian matrix;
hydraulic conductivity tensor;
number of soil-pipe nodes;
length of 1D pipe element;
length of pipe, depth of borehole;
error norm specifier, ;

1 shape function vector;
number of soil s nodes;

1 Nusselt number;
1 normal unit vector (positive

outward);
1 Prandtl number;

flow supply;

A L2

b L
c L2T 2– Θ 1–

D L
D L2T 1–

Di L
d L
e g g⁄–=
fμ
G
g LT 2–

g LT 2– g=
H ML 1– T 3–

h L
I
J L
K LT 1–

K
L L
L L
Lp p 1≥
N
N
Nu
n

Pr
Q T 1–



=^ééÉåÇáñ=`
pumping rate of well;
total heat input rate of BHE;
total refrigerant flow discharge of
BHE;
vector of volumetric Darcy flux of
fluid;
normal heat flux of soil (positive
outward);

 thermal resistance;
 borehole thermal resistances;

space of matrix;
1 Reynolds number;

radius;
specific exchange surface;
storage coefficient;
diagonal pipe distance;
temperature;
pipe inlet temperature of refrigerant;
pipe outlet temperature of
refrigerant;
time;
vector of refrigerant fluid velocity;

 refrigerant fluid velocity;
auxiliary velocity variable;

1 spatial weighting function;
pipe distance;
Eulerian spatial coordinates;
Cartesian coordinates;

1 scaler for thermal resistance of pipe
;

vertical coordinate;

Greek letters
longitudinal and transverse thermo-

Qb L3T
1–

Qh ML2T
3–

Qr L3T
1–

q LT 1–

qnTs
MT 3–

R M 1– L 1– T3Θ
Ra Rb, M 1– L 1– T3Θ
ℜ
Re
r L
S L
Ss L 1–

s L
T Θ
Ti Θ
To Θ

t T
u LT 1–

u LT 1– u=
v LT 1–

w
w L
x L
x y z, , L
xk

k
z L

αL αT, L
dispersivity, respectively;
numerical thermo-dispersivity in
longitudinal flow direction;
thermal expansion coefficient;
boundary;

1 weighting coefficient of pipe ;
BHE nodal distance;

1 error tolerance;
Dirac delta function;

1 volume fraction, porosity;
1 weighting coefficient;
1 upwind parameter;

tensor of thermal hydrodynamic
dispersion;
tensor of thermal hydrodynamic
dispersion for refrigerant;
thermal conductivity;
dynamic viscosity of fluid;

1 auxiliary variable for pipe ;
fluid density;
iteration number;
mesh refinement at level ;
heat transfer coefficient;
specific heat transfer coefficient;
specific thermal flux;
domain;
Nabla (vector) operator;

Subscripts
borehole, well;
extended Oberbeck-Boussinesq
approximation;
grout;
pipe-in or internal;

αL
num L

β Θ 1–

Γ
γk k
Δ L
δ
δ  ( ) L 3–

ε
θ
κ
L MLT 3– Θ 1–

Lr MLT 3– Θ 1–

λ MLT 3– Θ 1–

μ ML 1– T 1–

ξk k
ρ ML 3–

τ
ϒl l
Φ MT 3– Θ 1–

φ T 1–

ϕ MLT 3–

Ω
∇ L 1–

b
EOB

g
i

cbcilt=ö=VR
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pipe index;
time plane;
pipe-out or outer;
pipe;
soil;

Superscripts
CXA coaxial pipe with annular inlet;
CXC coaxial pipe with centred inlet;

internal;
element;
fluid;
grout;
pipe index;
refinement level;
time plane;
outer;
pipe;
boundary;
refrigerant;
solid or soil;
transpose;

1U single U-shape pipe;
2U double U-shape pipe;

Abbreviations
BC boundary condition;
BE backward Euler scheme;
BHE borehole heat exchanger;
BTES borehole thermal energy store(s);
CXA coaxial pipe with annular inlet;
CXC coaxial pipe with centred inlet;
DOF degrees of freedom;

k
n
o
p
s

i
e
f
g
k
l
n
o
p
R
r
s
T

FD3DM fully discretized 3D model;
FEFLOW finite element flow simulator;
FEM finite element method;
IFM interface manager;
NE number of elements;
NP number of points (nodes);
NS number of slices;
RHS right-hand side;
RMS root mean square;
RPC remote procedure protocol;
TR trapezoid rule scheme;
TRNSYS energy simulation program;
1U single U-shape pipe;
1D one-dimensional;
2U double U-shape pipe;
3D three-dimensional;
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OKN bèì~íáçåë= ~åÇ= s~êá~ÄäÉ
aÉÑáåáíáçåë

Fluid density  varies as a function of pressure ,
temperature  and concentration  of dissolved com-
ponents. In FEFLOW  is usually approximated by a
linear form according to the following Equation of
State (EOS)2:

(2-1)

where

(2-2)

is the coefficient of compressibility of the fluid at con-
stant temperature and concentration,

ρf p
T C

ρf

ρf ρo
f 1 γ p po–( ) β T To–( )–

α
Cs Co–( )

----------------------- C Co–( )

+ +⎝

⎠

⎛

⎞

=

γ 1
ρo

f
----- ρf∂

p∂
-------

T C,

=

(2-3)

is the coefficient of thermal expansion at constant pres-
sure and concentration, and

(2-4)

introduces the effect of a density change due to the con-
centration of a dissolved component at constant pres-
sure and temperature.

 The fluid density  is equal to a reference density
 when ,  and  that is when ,

 and  are respectively equal to the reference tem-
perature , reference pressure  and reference con-
centration . For instance, at  kPa, 
°C and  mg/l, (2-1) becomes:

(2-5)

β 1
ρo

f
----- ρf∂

T∂
-------

p C,

=

α Cs Co–( )⁄ 1
ρo

f
----- ρf∂

C∂
-------

p T,

=

ρf

ρo
f T To= p po= C Co= T

p C
To po

Co po 100= To 0=
Co 0=

ρf p T C, ,( ) ρo
f 1 γ p 100–( ) βT– α

Cs
------C+ +⎝ ⎠

⎛ ⎞=
O
aÉêáî~íáçå=çÑ=íÜÉ=ÅçÉÑÑáÅáÉåíë=çÑ=ÅçãéêÉëëáÄáäáíóI
íÜÉêã~ä= Éñé~åëáçå= ~åÇ= ÑäìáÇ= ÇÉåëáíó= ÇáÑÑÉêÉåÅÉ
ê~íáç=Ñçê=êÉéêçÇìÅáåÖ=~èìÉçìë=k~`ä=ÇÉåëáíó

F. Magri

Free University of Berlin, Department of Hydrogeology, Berlin, Germany
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with  for water.

When modeling geothermal systems, wide ranges of
pressure, temperature and concentration require that
the coefficients  vary as function of ,  and 
in order to correctly reproduce variable fluid density.

OKO a~í~= ~åÇ= mçäóåçãá~ä
bèì~íáçåë

Here the coefficients  are derived for repro-
ducing the fluid density of aqueous sodium chloride
solution (brine) in the single liquid phase within the
following ranges:

(2-6)

These coefficients are of big use for the modeling of
geothermal systems in which groundwater solutions
are assumed to be brines. Furthermore, they can easily
be implemented in FEFLOW via the IFM (see Chapter
2.3).

OKOKN a~í~
Brine density values for different pressure, tempera-

ture and concentration have been derived by using the
theoretical approach of Pitzer4 and Archer1. The resolu-
tion of the data has been set to 10 °C, 100 kPa and 7
g/l. When a  combination did not belong to the
single fluid phase, the density values were systemati-
cally excluded from the database table. In total 159,423

ρf 998.8396 [kg m 3– ]=

α β γ, , p T C

α β γ, ,

0.1 p 100 MPa≤ ≤
0 T 300 °C≤ ≤

0 C 350 g l 1–≤ ≤

p T C, ,( )
Éåëáíó
densities values of the aqueous NaCl solution were
generated in a  grid and used for the polyno-
mial regression fit. 

OKOKO mçäóåçãá~ä=Ñáí
The following expression provides an approxima-

tion with an accuracy of 0.5% for  in single liquid
phase in the above mentioned range. This accuracy is
good enough for simulating hydrothermal processes
(cf. Driesner3):

(2-7)

where

(2-8)

with pressure  in kPa, temperature  in oC, and  in
mg/l. The calculated coefficients are listed in Tab. 2.1.
The coefficients in Tab. 2.1 have been derived account-

p T– C–

ρf

ρf p T C, ,( ) 999.843633188666 1002q2–

100q1– q2p2 q1p+( ) z p C,( )T6

w p C,( )T5 v p C,( )T4 u p C,( )T3

s p C,( )T2 r p C,( )T j0 j1p j2p2+ +( )C2

h0 h1p h2p2+ +( )C

+ + +

+ + +

+ + +

=

z p T C, ,( ) z0 z1p z2p2 z3C z4C2+ + + +=

w p T C, ,( ) w0 w1p w2p2 w3C w4C2+ + + +=

v p T C, ,( ) v0 v1p v2p2 v3C v4C2+ + + +=

u p T C, ,( ) u0 u1p u2p2 u3C u4C2+ + + +=

s p T C, ,( ) s0 s1p s2p2 s3C s4C2+ + + +=

r p T C, ,( ) r0 r1p r2p2 r3C r4C2+ + + +=

p T C
_êáåÉë= ~êÉ= ÅçåëáÇJ
ÉêÉÇ= áå= íÜÉ= ëáåÖäÉ
äáèìáÇ= éÜ~ëÉ

ïáíÜáå=íÜÉ=ê~åÖÉ=EOJSFK
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ing for freshwater reference condition (i.e.,
 mg/l), at  kPa and °C.

For these reference values (2-7) gives:

(2-9)

Table 2.1 Coefficients of the polynomial fits as 
expressed in (2-7) and (2-8)

0.00073104758291628

-9.422037142360847E-10

1.821338928754865E-15

-3.9446778202994974E-10

7.533778133432179E-16

-2.3273323084072923E-22

0.0005257539357631474 

-5.459359007740163E-10

-6.625358276579406E-13

6.3111586728429706E-18

2.744492639329977E-23

7.513091563357645E-18

-1.8936376378424672E-23

5.718374379180737E-10

-4.996112674640022E-15

-2.5570358684616452E-20

-6.483691625807997E-15

C Co 0= = po 100= To 0=

ρf 100 0 0, ,( ) ρo
f 998.8396 [kg m 3– ]= =

h0

h1

h2

j0

j1

j2

q1

q2

z0

z1

z2

z3

z4

w0

w1

w2

w3
-5.310521468059033E-18

-2.051960478431085E-7

1.58244686429457E-12

8.637135897998724E-18

2.1946081669958214E-12

-5.310521468059033E-18

8.576370648910509E-16

-3.7575488991610133E-10

-1.4036263958416905E-15

-2.4220044746230556E-10

0.00003936397979529357

-7.725866104001761E-14

3.9534845368831494E-8

1.0032350032434767E-13

2.5442857110623736E-8

-0.0063083048607919245

3.6418368120766765E-12

-2.390003668646296E-6

-3.6928765749684625E-12

-1.155475728462599E-6

-0.04949178536220616

Table 2.1 Coefficients of the polynomial fits as 
expressed in (2-7) and (2-8) (cont.)

w4

v0

v1

v2

v3

v4

u4

u3

u2

u1

u0

s4

s3

s2

s1

s0

r4

r3

r2

r1

r0
cbcilt=ö=VV
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The goal is to find the variable fluid density ratio ,
the fluid compressibility , and the coefficient of ther-
mal expansion  of the fluid density function (2-5). To
do that, we consider a Taylor series expansion for the
fluid density  expressed in (2-7) around

α
γ

β

ρf p T C, ,( )
=s
Éåëáíó
,  and , where a 6th order

approximation is used for temperature  and a 2nd
order approximation is used for both pressure  and
concentration  dependences, viz.,

To 0= po 100= Co 0=
T

p
C

where all coefficients are listed in Tab. 2.1. In the next

(2-10)

Comparing the above equation with the EOS for the fluid density (2-5) and reminding that
, we obtain the expression for ,  and  used in (2-1):

(2-11)

(2-12)

(2-13)

ρf p T C, ,( ) 999.843633188666
p 100–( ) q1 200q2 T r1 200r2+( ) T2 s1 200ss+( ) T3 u1 200u2+( ) T4 v1 200v2+( ) T5 w1 200w2+( ) T6 z1 200z2+( )+ + + + + + +( )

p 100–( )2 q2 Tr2 T2s2 T3u2 T4v2 T5w2 T6z2+ + + + + +( )

T r0 100r1 1002r2+ +( ) T2 s0 100s1 1002s2+ +( ) T3 u0 100u1 1002u2+ +( ) T4 v0 100v1 1002v2+ +( )

T5 w0 100w1 1002w2+ +( ) T6 z0 100z1 1002z2+ +( )

C h0 h2 p 100–( )2 100h1 1002h2 p 100–( ) h1 200h2+( ) Tr3 T2s3 T3u3 T4v3 T5w3 T6z3+ + + + + + + + + +( )

C2 j0 j2 p po–( )2 100j1 1002j2 p 100–( ) j1 200j2+( ) Tr4 T2s4 T3u4 T4v4 T5w4 T6z4+ + + + + + + + + +( )

+
+

+
+ + + +

+ +
+

=

ρo
f 998.8396 [kg m 3– ]= α p T C, ,( ) β p T C, ,( ) γ p T C, ,( )

γ 1
999.843633188666
---------------------------------------------- q1 200q2 T r1 200r2+( ) T2 s1 200ss+( ) T3 u1 200u2+( ) T4 v1 200v2+( ) T5 w1 200w2+( ) T6 z1 200z2+( )

p 100–( ) q2 Tr2 T2s2 T3u2 T4v2 T5w2 T6z2+ + + + + +( )

+ + + + + + + +[

]

=

β 1
999.843633188666
---------------------------------------------- r0 100r1 1002r2+ +( ) T s0 100s1 1002s2+ +( ) T2 u0 100u1 1002u2+ +( ) T3 v0 100v1 1002v2+ +( )

T4 w0 100w1 1002w2+ +( ) T5 z0 100z1 1002z2+ +( )

+ + + +

+

[

]

=

α
Cs

999.843633188666
---------------------------------------------- h0 h2 p 100–( )2 100h1 1002h2 p 100–( ) h1 200h2+( ) Tr3 T2s3 T3u3 T4v3 T5w3 T6z3

C j0 j2 p po–( )2 100j1 1002j2 p 100–( ) j1 200j2+( ) Tr4 T2s4 T3u4 T4v4 T5w4 T6z4+ + + + + + + + + +( )

+ + + + + + + + + + +[

]

=

section, the IFM source code allowing implementing
these coefficients into FEFLOW is given.

OKP fãéäÉãÉåí~íáçå

Our goal is to incorporate in FEFLOW the follow-
ing EOS
(2-14)

where  expressed by (2-11), (2-12), (2-13), and
, i.e., the refer-

ence pressure, reference temperature and reference
concentration are  kPa, °C, and

 mg/l, respectively. We remind that in

ρf p T C, ,( ) ρo
f 1 γ p po–( ) βT– α

Cs
------C+ +⎝ ⎠

⎛ ⎞=

γ β α, ,
ρo

f ρf 100 0 0, ,( ) 998.8396 [kg m 3– ]= =

po 100= To 0=
Co 0=



OKP=fãéäÉãÉåí~íáçå
FEFLOW the following EOS for the fluid density is
already incorporated:

(2-15)

where  and  are defined by the user.

OKPKN eçï= íç= áãéäÉãÉåí= íÜÉ
ÉñíÉåÇÉÇ=blp\

The implementation of  and  can be done
directly by the use of FEFLOW’s IFM programming
interface through the API IfmSetMatFlowExpan-
sionCoeff() and IfmSetMatFlowDensi-
tyRatio(). On the other hand, no related API
interface exists for the coefficient of compressibility .
To make up for this lack, we have to use a little trick.
Let's consider the EOS for the fluid density that we
want to incorporate into FEFLOW Eq.(2-1) and apply a
simple factorization in the following way:

(2-16)

with

ρf p T C, ,( ) ρo
f 1 β T To–( )– α

Cs Co–
------------------ C Co–( )+⎝ ⎠

⎛ ⎞=

β α

β α

γ

ρf p T C, ,( ) ρo
f 1 γ p po–( ) βT– α

Cs
------C+ +⎝ ⎠

⎛ ⎞=

 ρo
f 1 β γ

p po–( )
T

-------------------–⎝ ⎠
⎛ ⎞ T– α

Cs
------C+=

 ρo
f 1 β∗T– α

Cs
------C+=
(2-17)

and ,  expressed in (2-11) and (2-12), respectively.

In this way, the effects due to the compressibility on
the brine density are implicitly expressed in the new
variable , which can then be implemented into
FEFLOW by use of the API IfmSetMatFlowEx-
pansionCoeff().

OKPKO aÉëÅêáéíáçå=çÑ= íÜÉ= ëçìêÅÉ= ÅçÇÉ
brine_dens.c

The input data required are the pressure , the tem-
perature , and the concentration  for each element
of the FE mesh. These values can be retrieved by the
use of the API functions IfmGetResultsFlow-
PressureValue(), IfmGetResultsTrans-
portHeatValue(), and IfmGetResults-
TransportMassValue(), which respectively load
the nodal values of the pressure (kPa), temperature (°C)
and concentration (mg/l) calculated during the simula-
tions. Once the mean values of these parameters are
calculated, they can be used as input for calculating,

 and  by use of the polynomial fit (Eqs. (2-11), (2-
12), (2-13)).

The returned values are then stored into the API
functions IfmSetMatFlowExpansionCoeff()
and IfmSetMatFlowExpansionCoeff(). The
complete source code brine_dens.c is listed
below. The code is programmed in C++ language

β∗

defined as BETASTAR
in the source code

β

defined as BETA
in the source code

 γ
p po–( )

T
-------------------–

defined as GAMMASTAR
in the source code

+

⎝ ⎠
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎛ ⎞

= T To≠⎧ ⎨ ⎩ {

⎧ ⎪ ⎨ ⎪ ⎩

γ β

β∗

p
T C

β∗ α
cbcilt=ö=NMN
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through the IFM tool in the Simulation interface
under the callback function PostTimeStep.

IMPORTANT NOTICE:
For correctly fitting the brine density, the user must set
the following reference values for temperature and
concentration in the Heat and Mass Transport Proper-
ties of FEFLOW:

(2-18)

static void PostTimeStep (IfmDocument pDoc)
{
  int    e, i;
  double T, p, C;
  double beta, gamma, alpha, BETASTAR, gammastar, ALPHASTAR;
  double alph, alph1, gam, gam1;
        

/* Coefficients for the fitting and their derivatives */
        
  double p0  = 100.;
  double z2 =  2.744492639329977e-23;
  double z1 =  6.3111586728429706e-18;
  double z0 = -6.625358276579406e-13;
  double w2 = -2.5570358684616452e-20;
  double w1 = -4.996112674640022e-15;
  double w0 =  5.718374379180737e-10;
  double v2 =  8.637135897998724e-18;
  double v1 =  1.58244686429457e-12;
  double v0 = -2.051960478431085e-7;
  double u2 = -1.4036263958416905e-15;
  double u1 = -2.4220044746230556e-10;
  double u0 =  0.00003936397979529357;
  double s2 =  1.0032350032434767e-13;
  double s1 =  2.5442857110623736e-8;
  double s0 = -0.0063083048607919245;
  double r2 = -3.6928765749684625e-12;
  double r1 = -1.155475728462599e-6;
  double r0 = -0.04949178536220616;
  double q2 = -5.459359007740163e-10;
  double q1 =  0.0005257539357631474;
  double h0 =  0.00073104758291628;
  double h1 = -9.422037142360847e-10;
  double h2 =  1.821338928754865e-15;
  double r3 = -2.390003668646296e-6;
  double s3 =  3.9534845368831494e-8;
  double u3 = -3.7575488991610133e-10;

To 0=

Co 0=

Cs 350000  mg/l (considered as brine=
concentration at saturation state)
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  double v3 =  2.1946081669958214e-12;
  double w3 = -6.483691625807997e-15;
  double z3 =  7.513091563357645e-18;
  double j0 = -3.9446778202994974e-10;
  double j1 =  7.533778133432179e-16;
  double j2 = -2.3273323084072923e-22;
  double r4 =  3.6418368120766765e-12;
  double s4 = -7.725866104001761e-14;
  double u4 =  8.576370648910509e-16;
  double v4 = -5.310521468059033e-18;
  double w4 =  1.6153538522556503e-20;
  double z4 = -1.8936376378424672e-23;

  double bet  = r0+100*r1+10000*r2;
  double bet1 = s0+100*s1+10000*s2;
  double bet2 = u0+100*u1+10000*u2;
  double bet3 = v0+100*v1+10000*v2;
  double bet4 = w0+100*w1+10000*w2;
  double bet5 = z0+100*z1+10000*z2;

/* Number of elements and number of nodes per element */
  int nElements = IfmGetNumberOfElements(pDoc);
  int nNodes    = IfmGetNumberOfNodesPerElement(pDoc);

/* Loop through all elements */
  for (e = 0; e < nElements; e++) {
    T = 0.;
    p = 0.;
    C = 0.;

/* Loop locally through all nodes of element ‘e’ */
    for (i = 0; i < nNodes; i++) {
      /* Get global node index */
      int indNode = IfmGetNode(pDoc, e, i);

      T += IfmGetResultsTransportHeatValue(pDoc,indNode);
      p += IfmGetResultsFlowPressureValue(pDoc,indNode);
      C += IfmGetResultsTransportMassValue(pDoc,indNode);
    }
  

/* Solving the average physical properties (T and p)
      of element ‘e’ */
    T /= (double)nNodes;
    p /= (double)nNodes;   
    C /= (double)nNodes;

    if (p < 100.) p=100.; 
            
    alph  = h0+h2*(p-p0)*(p-p0)+100*h1+10000*h2+
            (p-100)*(h1+200*h2)+(r3+(s3+(u3+(v3+
            (w3+z3*T)*T)*T)*T)*T)*T;
    alph1 = j0+j2*(p-p0)*(p-p0)+100*j1+10000*j2+
            (p-100)*(j1+200*j2)+(r4+(s4+(u4+
            (v4+(w4+z4*T)*T)*T)*T)*T)*T; 
    gam   = q1+200*q2+((r1+200*r2)+((s1+200*s2)+
            ((u1+200*u2)+((v1+200*v2)+((w1+200*w2)+
            (z1+200*z2)*T)*T)*T)*T)*T)*T;
    gam1  = q2+(r2+(s2+(u2+(v2+(w2+z2*T)*T)*T)*T)*T)*T;
            
    /* Set ALPHA */
    alpha=(1./999.843633188666)*(alph+alph1*C);

    /* Set BETA */
qÜÉ= fcj= ÅçÇÉ
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    beta  = -(1./999.843633188666)*(bet+
             (bet1+(bet2+(bet3+(bet4+bet5*T)*T)*T)*T)*T); 

    
    /* Set GAMMA */
    gamma = (1./999.843633188666)*(gam+gam1*(p-p0));

   
    /* Set GAMMASTAR */
    gammastar = -gamma*(p-p0)/(T+.01);
            
    /* Set BETASTAR */
    BETASTAR = beta+gammastar;
    IfmSetMatFlowExpansionCoeff(pDoc, e, BETASTAR); 
            
    /* Set ALPHASTAR by multiplying ALPHA time
       Cs = 350000 mg/L */
    ALPHASTAR = alpha*350000.;
    IfmSetMatFlowDensityRatio(pDoc, e, ALPHASTAR);
  }
}
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Latin symbols

 concentration and reference
concentration (salinity),
respectively;
maximum concentration;
hydrodynamic fluid pressure and
reference pressure, respectively;
temperature and reference
temperature, respectively;

Greek symbols

1 density difference ratio (specific
solutal expansion coefficient);
thermal expansion coefficient;
fluid compressibility;
fluid density and reference fluid
density, respectively;

Subscripts

reference value;

C Co, ML 3–

Cs ML 3–

p po, ML 1– T 2–

T To, Θ

α

β Θ 1–

γ M 1– LT2

ρf ρo
f, ML 3–

o
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Superscripts

fluid (water) phase;

Abbreviations

API application programming interface;
EOS equation of state;
FE finite element;
FEFLOW finite element flow simulator;
IFM interface manager;
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